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ON THE STABILITY OF DIFFERENTIAL EXPRESSIONS 

S. M. Ulam and D. H. Hyers 

1. Introduction 

Every student of calculus knows that two functions may differ uni- 
formly by a small amount and yet their derivatives may differ widely. 
On the other hand, it is more or less obvious intuitively, and quite 
easily proved, that if a continuous function f on a finite closed inter- 
val has a proper maximum at a point x= a then any continuous function g 
sufficiently close to f also has a maximum arbitrarily close to x= a. 
When f and g have first derivatives, this means that f' vanishes and 
changes sign at x =a while gI vanishes at some point of a preassigned 
neighborhood of x=a (see theorem 1 for the case n=1). 

Thus, in spite of the first sentence of the above paragraph, there 
are certain cases in which the derivatives cannot " differ much" providing 
however that we are allowed to shift the point a little at which the 
derivative is taken. This paper gives a few elementary results along 
these lines. Later we plan to develop these ideas further and give var- 
ious applications. 

2. Some- Theorems for One Independent Variable 

In this section we shall use the term "neighborhood of a point" to 
mean an interval whose center is the point. Its "radius" is half the 
length of the interval. 

Theorem 1: Let f(x) be a fmnction having an nth derivative in a neigh- 
borhood IV of the point x=a. If f(n)(a)=O, and f(n)(x) changes sign 
at x=a, then corresponding to each e>0 there exista a 8i>0 such that, 
for each function g(x) having an nth derivative in v and satisfying the 
inequality ig(x) -f(x) I <6 in I, there exists a point x= b such that 
g(n)(b) =O and |b-al <e. 

Proof: Let E be chosen (without loss of generality) less than the radi- 
us of Y, and assume that f(n)(x) is negative immediately to the left 
of x=a and positive to the right (the opposite case is handled similar- 
ly). Then there exist points xl and x2 such that f(n)(xl)< 0, f(n)(x2) > 
0, jxl-al <e/2, jx2-aj <?/2. Let h>0 be chosen so that h<e/2n and 
also so that h4x(x1) <0 and A2f(x2)> 0, and keep h fixed. Let 8 >0 be 
chosen to be smaller than (lInhf(xl)l)/2n and(l\nf(x2)l)/2n. Now, if 
g(x) is any nth-differentiable function defined for xEv and such that 
I g(x) -f(x)| < for xEY, we form the nth difference of g at x1 and at x2 
and obtain: 

59 
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60 MATHEMATICS MAGAZINE (Nov. -Dec. 

n 
g (xi ) nf t(xi ) < Ig(xi + nh) - f(xi + nh)| 

+ n I g(xi + (nl - l)h) f f(xi + (n - 1)) 

+ (n2) I g(xi + (n - 2)h) f f(xi + (n - 2)h +** 

+ lg(xi) - f(x)I, i 1,2. 

By the choice of h and a it follows that xi +rh aN, r = 0,1,2, *.- ,n, so 
that 

d, g(xi) _ An f (x)I < S[l + (n) + (n>) + + (n-l n 

By the choice of 8 it follows that 

An g(xi) < 0 and An g(x2) > 0 

Now by the law of the mean we have 

Ang(x1) = hng(n)(x +nOlh), where 0 < 0e < 1 

Ang(x2) = hng(n)(x2+nQ2h), where 0 < 02 < 1 

Since g(n)(x) is a derived function* it follows that g(n) (b) =O for 
some b between x1 +n01h and x2 +n02h. Now x1< b <x2+nh <x2+ a/2, and 
x i- a I < E;/2, i = 1, 2, so that|Ib -a|I < s. 

Theorem 2: Let F(x,y) be a continuous function of two variables in a 
region R containing the point (a,b), and let f(x) be a function with a 
continuous derivative f'(x) in the. neighborhood IV of the point a and 
such that f'(x)-F(x,f(x)) vanishes at a and changes sign ineveryneigh- 
borhood of the point a, where b=f(a). Then corresponding to each e>0 
there is a 8>0 such that, for each differentiable function g(x) satis- 
fying the inequality lf(x) -g(x) | < 8, (x eNV), there exists a point xo 
such that g'(xo)=F(xo,g(x0)), and such that jxo-al <a.. 

Proof: Choose x, and x2, within W and also within the neighborhood 
|x-a| <a, such that 

?6(x1 = a= f '(x1) - F(x,f(x)) < 0 

?(X2)x = a2 = f'(x) - F(x' f(x')) > 0 

Since the (proper, relative) maximum and minimum values of the contin- 
uous function ?(x) foin a finite or enunerably infinite set**, it is possible 

* See for example Franklin, A Treatise on Advanced Calculus, p. 117. 
** Cf. Hobson, Iheory of Functions of a Real Variable, vol. I, p. 329. 

This content downloaded from 128.235.251.160 on Sun, 4 Jan 2015 12:47:14 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1954) ON THE STABILITY OF DIFFERENTIAL EXPRESSIONS 61 

to select x1' ,x2' such that ?t(x) does not have a maximum or minimum 
value at xl' or at x2'. Hence in every neighborhood of x; there are points 
e and n such that q6(g) >?t(x;) > ?(n) and similarly for x2. Hence, if 
we put Cl=cl +F(x ',f(x;)), the function f'(x)-Cl vanishes at x=xl and 
changes sign in every neighborhood of x= z;. Let 1 be chosen so that 
the interval Ix-xfll < i is within IV and also within the neighborhood 
|x-a| <6, and also so that JF(x',y')-F(x,y)I < Jcl/2 for Jx'-xI <1 
and Iy'-yl <.lj. Since f(x) is continuous, there exists El>0 such that 
E1<r 1 and such that If(x')-f(x)I<ij/2 for |x'-xI <eS (x and x' e/IV). 
By theorem 1, there is a 81>O, which may be chosen so that 81< rj1/2, 
so that for any differentiable function g(x) defined on NV, with g(x) - 

f(x)I < 1 for x EIV, there exists a point x=x1 such that Ixl-xjJ <el 
and such that g'(x1) =C1 =cc1 +F(x;,f(x')). Hence 

Ig'(xl) -F(x ,g(xl))-axll = IF(x',f(x;))- F(xz1,g(xl)) ? < Iccl/2, 

since | Xj;-x <E1<Tll 
and |f(x;)-g(xj)?< f(x;)-f(x1) +If(x1)-g(xj)I 

< / 12 + 81<nl. Therefore g'(x1)-F(x1,g(xl))<c1/2<O, where x1 is 
a point in N such that |xl -a < e. Similarly, it can be shown that there 
exists a point x2 in I such that |x2- al <e and g'(x2)-F(x2,g(x2)) 
> oc2/2 > 0. Since g'(x) -F(x,g(x)) is a derived function it takes on 
thevalue O at sonepoint xo between x1 and x2 . Hence g'(x0)=F(xQ,g(xQ)), 
where Ig(x) - f(x) I < 8 and Ixo - al < e. 

3. A Two Dimensional Theorem. 

Theorem 3. Let F(x,y) be continuoas with continuous second partial 
derivatives in a neighborhood* N of a point (xo,yo), and let us suppose 
that 

(i) F.(xo,yO) = Fy(xo,yO) = 0 

(ii) ~ Fy (x1yO) A O and Fz 2 _ FzF 0O 

at (xo,yo). Then, given any e>O,, there exists a 8>O such that, if 
G(x,y) is any function with continuous second partial derivatives and 
with Gyy/O on X, satisfying the inequality 

( iii) IG(x,y) - F(x,y)l <8 

on V, then there is a point (xl,yl) such that G,(xl,yl)=Gy(xl,yl) =0O 
where Ix1-xo0 <6, IYi-YOI <8. 

Proof: Consider the equation 

*Here N denotes a two dimensional neighborhood, e.g. a square centered at the 
point in question. 
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(1) Py (x,y) = 0. 

Since it is satisfied for x=xo, y=yo and since F> 0 at (xo,yo), there 
exists a solution yp=(x) of Eq. (1) passing through the point (xOyO) 
and having a continuous derivative, for x in some neighborhood lx- 
xol <a of the point xo. 

Given &>O, choose E1>0 so that /cp(x)-cp(xO)/ <e/2 for /x-xo0 < S. 
where el < 8. 

Now consider the function 

P(x) = F(x,cp(z)), 

which has continuous first and second derivatives 

V(X) = Fx(x,cp(x)) 

FxxF - F 2 
11 

(X)= FXyy -xy 
Fy y Y = 9y(x) 

By hypothesis, 1"(xo) $ 0. Hence ?'(x) vanishes and changes sign at 
x=xO, so by theoremn 1, there exists 81>0 such that, if g(x) is any 
differentiable function with I g(x) -T(x) < 81 for Ix - xo < a, then g'(xf) 
=0 for some point x 1 satisfying x l - xo < 81. 

By hypothesis F(x,y) is continuous so it is continuous in y, uniform- 
ly with respect to x for Ix-xj < a. Let 82 <e/2 be chosen so that 

IF(x,yl) - F(x,y2)1 < 81/2 

for IYl-Y21 <e2 and all x satisfying Ix-xOjI?a, where it is under- 
stood that (x,yj)EN, i=l,2. 

By theorem l it follows that for each fixed x in the interval I: Ix - 
XoI <a there is a 8(x) such that for any differentiable function h(y) 
satisfying Ih(y) -F(x,y)I <8(x), yEW, there exists yj such that y1y- 
(x) I <82 and h'(yl) = 0. The closed interval I may be covered with in- 

tervals of length 8(x) and by the Heine-Borel theorem there exists a 
finite subcovering and hence a 8I independent of x. Now let G(x.y) be 
any function defined on IV with continuous second derivatives and with 
G 0O on N, such that inequality (iii) is satisfied, where 8 is the 
smaller of 8 and 8I/2. Then there exists a function y=cp1(x) such that 
Icp(x) -cp1(xI <82 and Gy (x,(p1(x)) =O for Ix-xol < a. Since G y $ 0, 
y cp1(x) is- differentiable. Hence the function W(x) =G(x,cpl(x)) is dif- 
ferentiable and EW'(x) =GX(x, p(x) ). 

NOw 

I E(x) - (x) I < I G(x,c1(x)) -F(x, 91(x)) I + IF(x,cp1(x)) -F(x, cp(x)) I 
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1954) ON THE STABILITY OF DIFFERENTIAL EXPRESSIONS 63 

The first term on the right is less than 8:5 /2, and since Icpl(x) -cp(x)I 
< s2 for Ix--xoI <a we have IF(x,q,l(x)-F(x,cp(x))I <81/2. Therefore 
IW(x)-?(x)I <81 for Ix-x0J <a. Hence W(x) is a g(x), and there exists 
a point x1 with Ix1-xo0 < 1 such that 

W'(x ) = Gx(x 1,p(xi)) = 0. 

Putting y=cpl(x1) we have Gx(x1,Y1)=O G (x1,y1)=O and 1x1x ol 
< 8, while 

ly1-Yo0I ' Icp(x1)-cp(xl)I + Izp(x1)- p(xo)I < 8 +E /2 < , 

so the theorem is proved. 

4. Some Counter-Examples. 

1. The following example is due to John von Neumann. 
Take (x,y I y11) 12 f(x10 Take F(x,y,y y =y -yy x=0, f(x)-O, x=?0. ThenF(x,f(x), 

f'(x),f'(x))= -x obviously changes sign as x passes through the value 
xo. Now take g(x) = 8 sin (x/8) where 8 is any positive number, and 
take E ='2. Obviously I g(x) - f(x) I < 8 for all x. Since g'(x) cos (8), 
g"(x) = - (1/a) sin (x/l), F(x, g(x), g '(x), g'(x) ) = cos 2(x/8) + sin2(x/6) 
- x-l- x. Thus the root of F(x,g(x),g'(x),g"(x)) =0 is at x= 1, which 
is at a distance 1>% from the root x=O of F(x,f(x),f'(x),f"(x)). The 
stability theorem fails in this case. One must be careful about formu- 
lating"implicit" stability theorems in derivatives. 

2. In the two dimensional case, one has to be careful about formulating 
the condition of "change of sign", as the following example shows. 
Geometrically, it amounts essentially to taking a torus with axis 9Z, 
and tipping it slightly. 

Consider the function 

z=F(x,y)= b b2 a2+ 2a x2+y2 _ x2_y2, (a> b) 

in the neighborhood of the point (a,O). On differentiating we have: 

F = - 1 ] Cleaz x2+y2 c ij 

Clearly Fx changes sign from + to - as x increases through x -a and 
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64 - - MATHEMATICS MAGAZINE 

is held constant (y =O). Also Fy changes sign from + to - as y increases 
through y=0 and x is held fixed (x=a). 

Now consider the following function 

z =G(x,y) = 3y+F(x,y), 

where 8 is a small positive number. Then for Ix-aI<b/2 and IyI<b/2, 
|G(x, y) - F(x, y) < S. We have 

G -X _ Fx X F(x,y) J2 +2 J 

F(x,y) 2 ~2- 

The locus of zeros of Gx in the neighborhood of (a,O) is obviously the 
circle x2+ y2= a2. But along this circle, G = > 0. Hence there is no 
point near (a,O) where both Gx =0 and G Ly=. 

Los Alamos Scientific Laboratory and 

University of Southern California 

The Concept - Infinity - Aborning 

How long to count to one million? 
Make a quick guess, then read this note. 
A little boy asked me " What is the end of numbers?". The answer was, 

of course, "There is no end, for you can always add 1 to any number you 
have and get the next one, just as you can add 1 to 3 and get 4". But 
this non-terminating process worried him, as it does everybody. So he 
followed with,"How long would it take to count to one million?" A little 
timing and some simple arithmetic showed that it would take over forty 
days of eight hours each (with no short cuts). Then;he asked"How long 
to count to a billion?" When we had found that it would take over one 
hundred and thirty three years, he got a pencil and paper saying, "I am 
going to take some notes on this." And began, "My Uncle, one of the 
World's greatest mathematicians (hic!) says " Since then I have 
asked several persons, some schooled in mathematics and some not, the 
latter question. Most of the answers were such as "several days" or "sev- 
eral years." Only one was correct, that was, "I don't know, but you can 
never do it". Editor 
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AREAS SWEPT OUT BY TANGENT LINE SEGMENTS 
Preston C. Hammer 

I NTRODUCTION. 

The author happened upon the formulas for area presented in this 
paper when working on an ergodic problem proposed to him by Professor 
B. H. Neumann. A,search of the literature reveals that the planar case 
implies Guldin's Formula and is practically equivalent to it. However, 
as far as we have been able to determine, the particular viewpoint we 
have chosen is either unknown or is little known to mathematicians in 
this country. 

Briefly put, we shall develop a formula which makes possible the corni 
position of curves in the polar coordinate plane and we shall give an 
area-preserving mapping of a developable surface onto the polar plane 
which is not the customary isometric mapping. 

There seems no good reason that the planar case should not be pre- 
sented in elementary calculus since a proof can be given on that level. 
We shall, however, give a proof which holds for two or three (actually 
n) dimensions. 

THE AREA FORMULA. 

Let x= x(s) be the vector equation of a space curve, C, with the 
parameter s>O taken as the arc length from some point on the curve. 
Let C be such that the derivative vectors x' (s) and x" (s) do not vanish 
at any point and such that x"'(s) is continuous. Now, the accumulated 
planar angle, a, between tangent vectors to C may be written 

OC = fS | "(s) I ds, 

where Ix| is the length of x. In differential form, 

dca = 11(s)| ds. 

Note that |x"(s)| is the principal curvature of C. Now from our assurrp- 
tions x"(s)| >0 whence ax is a continuous increasing function of s and 
therefore a may be used as a parameter for C. Now, let p(s) > O be a 
continuous function of s (and hence of a.) and lay off along the direction 
of x"(s) from the point of tangency on C the line segment of length 
p(s). Then we state 

65 
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THEOREM 1. The cumulative positive area, A, which the tangent line 
segments to C of length p(s) sweep out is given by 

A = d2o. [p(a) du. 

Before proceeding with the proof, we observe that if the line seg- 
ments described cover a portion of the developable surface tangential 
to C twice, say, that area is "counted" twice in A. That is the reason 
that we say cumulative positive area. The salient feature of the formula 
for A is that it is independent of the curve C. 

Proof. Let z describe a surface in space with parameters u and v. 
Then it is well known that with adequate restrictions on z(u,v) the area 
of the surface is given by a double integral over the appropriate region 
of the (u,v)-plane, namely: 

JJT I 7I * Izv Z (zu, v) du dv 

where subscripts refer to partial differentiation and (Z ,Zv) is the 
U v 

scalar product of the two vectors. 
The surface in which we are interested may be written 

z(p,s) = x(s) + pV(s) 

where p varies from 0 to p(s) and s varies from 0 to an arbitrary posi- 
tive value. Substituting in the above area formula with p=u and s=v 
we have 

A ,Jj x(s)I2 V(s)+p"(s)j2 - x'(s) x'(s)+p "(s))2 dpds. 

Now IV'(s)| =1 always and ('x(s),x`(s))=O since x'(s) and x"(s) are 
perpendicular vectors. Using these facts we find 

A = f f x-1"(s)| dpds. 

Now 
fP(S) pdp = 'A2 p2 (S) and Jx(s)J ds =da. 

Hence we have with p(s) = (a), 

A =Y2 fOp2(a)da. 
0 

Q.E.D. 
Now consider the transformation T from the developable surface 
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z = X(s) + px (s) 

to the polar (p,c)-plane where the image of z is (p,a) with 

aC = {x (s) I ds. 
0 

Then we have 

THEOREM 2. The transformatjon T is an area-preserving transformation 
from the surface z-z(p,s) to the polar plane. Under T the curve C is 
mapped into the pole. 

This theorem is an immediate consequence of Theorem 1 since the ex- 
pression for the area A is the same as that in polar coordinates. If 
a should increase beyond 2i, the cumulative area in the polar plane is 
naturally used. 

THE PLANAR CASE. 

In case the curve C of the preceding section should be planar then 
a is the accumulated positive angular deviation of the tangent vectors 
from a fixed direction vector. In case C is a closed convex curve with 
a unique tangent vector at each point then a may range from 0 to 2'n. 
Then the area swept out by tangent line segments of length P(a) >O is 

1/ 27Tp2(a)da 

Observe that this formula is independent of C as long as C is convex; it 
depends only on the length function p(a). In particular, if C is shrunk 
to a point, we have the usual polar coordinate area formula. If we can 
evaluate the integral of p2(a) we have determined the, area between a 
closed convex curve C and its polar composition withp=p(a) formed by 
tangent line segments to C of length p(a) along tangent vectors making 
an angle a with the half-line p >0, a0. 

The formula applies to arbitrary closed convex planar curves using 
vectors of contact for each a pointing to one sense. Again in the planar 
case, one may, if C has a flex point, let a be algebraically summed. 
The effect of this on Theorem 1 would be to change "cumulative positive 
area to "net accumulated area"-and the area could then be negative. 

We shall now give examples of the use of these considerations to 
establishing values of definite integrals. Let y= ln(x) represent the 
logarithmic curve in the (x,y)-plane and let the tangent vector be one 
with positive x-component. On this vector lay off a constant positive 
length a from the point of tangency. Letting (u,v) be the endpoints of 
this line segment, we have 

u = x[ + a _ 
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v = ln(x)+ .2 

Now, the angle of the tangent vector changes through Tc/2 as x goes from 
0 to oo. Hence the area swept out by the tangent line segments of length 
a is (ta2)/4. On the other hand, the same area is given by 

(v - Wnu)) du = na2 
o ~~~~4 

Substituting for v, u, du in terms of x, we have 

I II 2-lnl 1 21}n1 + 1 + (l 2)3 1 
dx 

0 

Now, we let x=tanO and we have 

f 'Tr" [acosO - ln(l+acosO)][l+ acos3]sec-2OdO- ita 
o 4 

Again letting z =cosQ, we find 

' [az - ln(l+ az)] [1 + az3] 7ta2 

l 2 ~--- - - dz 4 
0 

More generally, if y=f(x) is a function defined for -c <x oo and if 
f"(x)<0 and if we lay off tangent line segments of lengthp(a)=p(x) 
from the point of tangency, then these line segments sweep out an area 

s f lp2()da whereao is the limiting tangent angle as x-. -o and cc 
aO 

is the limiting tangent angle as x- +co. Then the endpoint (u,v) of 
the tangent line segment is given by 

p pyl 
u = x + , vrf(x)+ 

and 

+c [v- f(u)] du =A f 1 p2(a) dacx. 
00 

One other simple type of application leads to values of definite in- 
tegrals in some cases. Let y= f(x) represent a curve such that f(x)>0, 
f'(x) <0, f"(x) >0 for x>a. Then, the area swept out by the tangent 
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lines to the curve bounded by the curve, the x-axis and the tangent 
line at x=a is given by 

V2 f a> (y/y')2 y" dx 
a 

This integral exists if f y dx does and the other conditions hold. 
(See Figure 1.) a 

y 

\<~~~~~~~o 

a 

Figure 1. 

This formula holds since the tangent length to the x-axis is 

p = (y/y') 1+y'2 

and a =arc tan y', hence 
It 

dca y dx. 
1+y#2 

Therefore 

1 fp2da = Y/ f (y/y ') 2yt dx. 
a 

For example, if y 1 ex /2, one may use a knowledge of the inte- 

gral of this "normal" curve to find an exprrssion for 

(X) e- X2/2 {t ex2/2 dx 
1 

by taking a=1 in the above formula. This integral, may, of course, be 
evaluated by other means. 

We have not deeply explored the possibilities of integral evaluation. 
The examples, however, show that certain definite integrals may be eval- 
uated and suggests that familiarity with the method may lead to inter- 
esting applications. 
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GULDIN'S FORMULA. 

Let a family of line segments simply cover a region R in the plane. 
Let the parameter of the family be considered as the time t, let the 
length of the line segment be f(t), and the normal component of the 
velocity of the midpoint be v(t) in magnitude. Then if t varies from 
to to tl to cover R, Guldin's formula states that the area A of R is 

A = f t f(t) v( t) dt. 
to 

Suppose that the extended line segments form a line family which has 
a curve C. as an envelope where C has no flex point for to.< tt1. Then, 
in our terminology, 

A = -2 
cc 

[p 2(cx) -p '(a) I dca 
0 

where P2(cx) -p1(a) =f(t). Then 

1/2 [P2( c) + p1(cx)] dcx is v(t) dt. 

Thus, in case the family of extended line segments has a envelope as 
described, our formula is equivalent to Guldin's Formula. Guldin's For- 
mula also applies to the- case in which the line segments are parallel. 

CONCLUDING REMARKS. 

The development we have given here for the planar areas can be stated 
in terms of the outwardly simple line families we have introduced else- 
where. However, simplicity is then lost since one must deal with Lebesque 
integrals and more advanced concepts of area. We will present these nmre 
technical proofs elsewhere. 

The questions of negative values of p in space and in the plane, 
and of degenerate cases may be answered without difficulty. For that 
reason we have omitted such questions. 

University of Wisconsin 
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teacher, are interested, or questions which you would like others to discuss, 
should be sent to Joseph Seidlin, Alfred University, Alfred, New York. 

EUCLID'S ALGORITHM AND ITS APPLICATIONS 
Harry S. Clair 

INTRODUCTION 

In Book 7 of his Elements, Euclid describes a process for finding the 
greatest common divisor (g.c.d.) of two r&tional integers which is known 
today as-"Euclid's Algorithm". Although this process may seem trivial, 
it is nevertheless of fundamental importance in Number Theory and Alge- 
bra, and is susceptible to great generalization. The purpose of this 
paper is to apply the algorithm to several elementary topics in Number 
Theory and Algebra. Although the topics discussed are well known in the 
literature, it seemed to the writer worth while to discuss them under 
a central theme- the Algorithm of Euclid. 

1. 

THE G.C.D. OF TWO RATIONAL INTEGERS 

As an example, let us consider the problem of finding the g.c.d. of 
301 and 133. By Euclid's algorithm, we divide the larger by the smaller 
to obtain a remainder less than 133: 

301 - 2 x 133 = 35 

Then any divisor of 301 and 133 must also divide 35. The g.c.d. of 301 
and 133 is therefore also the g.c.d. of 133 and 35. Proceeding in this 
manner: 

133 - 3 x 35 = 28 

35 - 1 x 28 = 7 

28 - 4x7 = 0. 

Thus 7 is the required g.c.d. 

71 
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More generally, let a>b>O. Then the algorithm yields the equations: 

a=qlb +rl (O<rl<b) 

b - q2r1 + r2 (O<r2<rl) 

r= qr2 + r3 (O< r3 <r2) 

and so on. Since the non-negative integers b,rl,r2, form a decreas- 
ing sequence of rational integers, the process ultimately leads to a 
remainder which is zero. Let rn+1 be the first zero remainder. Then the 
last two steps of the process will be: 

rn q r +r rn-2 n qnn-1 + n 
(O <r n <rn- 1) 

rn-1 - qn lrn, 

and rn is the required g.c.d. For by the last equation, rn is a divisor 
of rn1, then by the next to the last equation rn is a divisor of rn.2. 
Proceeding in this manner backwards, we finally obtain the required re- 
sult. Itis to be noticed that this process not only proves the existence 
of a g.c.d. of two integers, but also shows how it can be calculated. 
This result can be stated thus: 

Theorem 1. If a and b are rational inteqers there exists an inteqer 
d= (a,b) called the q.c.d. of a and b such that d divides a and b, and 
inteqers p and q ccrn be found such that 

1.1 pa + qb = d. 

The special case when a and b are prime to each other, i.e., d =l, 
is especially important. We state it as: 

Corollary 1. If a and b are prime to each other, inteqers p and q can 
be found such that 

1.2 pa + qb=1. 

It is clear from equation 1.1 that any common factor do of a and b 
must be a factor of d. 

2. 

LINEAR DIOPHANTINE EQUATIONS 

An equation of the form 

2.1 jX1i + a2x2+ + anxn = k 

with integral coefficients al,a2, .",a, nk is called "linear Diophan- 
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tine". Obviously no solution of this equation exists in integers unless 
the g.c.d. of al,a2, ".. ,an is a divisor of k. Euclid's algorithm can 
be used in the solution of such equations as will be illustrated in the 
following 

Example: Find all solutions in integers of 

2.2 37x + 23y = 752. 

Euclid's algorithm yields the identity 5 x37 -8 x23 =1. Hence xo =5 x752, 
Yo = -8 x752 is clearly one solution of 2.2. Now suppose x,y is an ar- 
bitrary integral solution of 2.2. Then 37x+ 23y =752 =37xo + 23yo, and 
37(x -xo) = -23(y - yo). It follows that -23 is a divisor of (x- x0). 
Therefore x-xo =-23t where t is an arbitrary integer, and y - yO = 37t 
We thus have as a general solution of 2.2, 

2.3 x = 5 x752 - 23t, y = - 8 x 752 + 37t. 

To find the least positive solution of 2.2, we set t= 163 and arrive at 
x =11, y = 15. 

The procedure for solving linear Diophantine equations in three un- 
knowns can be reduced to the solution of two equations in two unknowns. 
Similarly, solutions of Diophantine equations in n unknowns are possible 
by induction on n.1 In each case, the technique described in the example 
above will suffice in deriving a general solution. 

3. 

LATTICE POINTS AND POINT LATTICES 

An interesting geometrical interpretation of linear Diophantine equa- 
tions is provided by the theory of integral lattices. Let us consider 
a plane Cartisian coordinate system, possibly oblique, with the abscis- 
sas x and ordinates y; x and y need not be measured by the same unit 
of measurement. A point (x,y) whose coordinates x and y are integers 
is called a "lattice point". The set of all lattice points is said to 
be a plane "point lattice". Let us draw all lines parallel to the co- 
ordinate, axes through the lattice points. The result is shown in the 
figure below: 

1 For details of this method, see Trygve Nagell' s "Introduction to Number 
Theory", John Wiley & Sons, Inc., New York, 1951, pp. 29-32. 
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The equation ax+by=k represents astraight line. The problem of solving 
this equation in integers x and y is equivalent to the problem of finding 
the lattice points situated on the straight line in question. 

Suppose that the straight line has integral coefficients, or what is 
obviously the same, rational coefficients. Then, by Section 2, the 
straight line passes through an infinity of lattice points if it passes 
through one lattice point. This conclusion is not valid for equations 
with irrational coefficients a,b,k except when there exists a positive 
number p such that the numbers ap, bp, kp are all rationals. Thus the 
straight line y = Fx only passes through one lattice point, namely the 
origin. 

This can be generalized to three dimensions. Thus we can speak of 
lattice points and point lattices in space. The equation ax+by+czk=k 
represents a plane in a Cartesian coordinate system with the coordinates 
x,y,z. The problem of solving this equation in integers x,y,z is equiva- 
lent to the problem of determining all lattice points in space which lie 
on the plane.. More generally, one may consider the distribution of lat- 
tice points on a given curve in the plane or on a given surface in space. 
This leads to the problem of solving Diophantine equations in two or 
three unknowns of any degree. 

4. 

PARTIAL FRACTIONS 

In elementary arithmetic the problem of combining several fractions 
with different denominators is solved by converting the fractions into 
equivalent fractions with a common denominator. The reverse process of 
converting a fraction with a composite denominator into a combination of 
fractions with prime denominators or powers of prime denominators is 
possible with the aid of Euclid's algorithm. Consider, for example, the 
problem of decomposing the fraction 7/30 into such fractions (called 
partial fractions). We first factor 30 into two factors, say 5 and 6. 
Euclid' s algorithm applied to these two numbers gives 1 x 6 -1 x 5 = 1. 
Hence, dividing both sides by 30 yields 1/5-1/6=1/30. Treating the 
denominator 6 in the same way, we get 1/6=1/2-1/3. Hence 1/30=1/5 - 

1/2 +1/3, and 

7/30 = 7/5 - 7/2 + 7/30 = 1 2/5 - 3 1/2 + 2 1/3 = 2/5 - 1/2 + 1/3. 

The procedure is somewhat modified when the denominator contains 
factors which are powers of primes. Consider for example the decomposi- 
tion of 4/45 into partial fractions. Euclid's algorithm applied to 9 
and 5 gives 2 x 5 -1 x9 1; dividing both sides by 45 yields 2/9 -1/5 = 
1/45. Hence 

4/45 = 8/9 - 4/5 = 2/9 + 2/3 - 4/5. 
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A similar process exists for polynomials in x with coefficients in 
any field. In High School Algebra the reader has undoubtedly learned how 
to divide one polynomial n(x) by a second polynomial d(x) so as to get 
a quotient q(x) and -a remainder r(x) of degree less than that of the 
divisor d(X). Although this process is usually carried out for poly- 
nomials with rational coefficients, it is not difficult to show that it 
is equally valid for polynomials with coefficients in any field. If we 
accept this result, then Euclid's algorithm described in detail for 
rational integers can be used to compute a polynomial g(x) which is the 
g.c.d. of n(x) and d(x) and which is unique except for unit factors, 
i.e., non-zero elements of the coefficient field. It follows that g(x) is 
expressible as a linear combination of n(x) and d(x): 

p(x) xn(x) + q(x) X d(x) = g(x). 

In particular, if the polynomials n(x) and d(x) are prime to each other, 
i.e., have no polynomial factor in common, then Euclid's algorithm as- 
sures us of the existence of two polynomials p(x) and q(x) such that 

p(x) Xn(x) + q(x) X d(x) = c 

where c is a constant of the field independent of x. 
As in the case with rational numbers, the last equation makes it 

possible to decompose rational functions of x into sums of simple frac- 
tions with denominators which are irreducible over the coefficient field, 
or powers of such polynomials. Although this result is usually derived 
in algebra by the method of "undetermined coefficients", it is necessary 
to use some other method such as our present method to prove that an 
expression in partial fractions always exists. 

If the denominator d(x) is a product of distinct and repeated factors 
such as [dj(x)]`1[d2(x)] 2 ... [dk(x)]k with integral exponents m, any 
two distinct irreducible di(x) are prime and so are their powers 
[di(x)]i. By the method described above, we may factor d(x) in a man- 
ner so that one factor is [di(x)]Mi while the other factor is all the 
rest. Applying Euclid's algorithm to each such product will ultimately 
lead to the decomposition of d(x)/n(x) into partial fractions. 

Example. Consider the decomposition of (x2+ 1)/(x- 1)2(x+ 1) in the 
field of rationals. By the algorithm 

1 X(x-1)2 _ (x-3)(x+1) = 4. 
Multiplying both sides by (x2+1) and dividing both sides by (x_1)2 x 
(x +1) yields: 

4(x2+1)/(x-1)2(x+1) =(x2+1)/(x+1) - (x3-3x2+xx-3)/(x_1)2. 

Each of the fractions on the right may be simplified further by long 
division. Eventually, we derive the identity: 
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(x2+1)/(x-1)2(x+l) = 1/2(x+1) + (x+l)/2(x-1)2= 

1/2(x+l) + 1/2(x-1) + 1/(x_1)2. 

5. 

APPROXIMATION OF NUMBERS BY RATIONALS 

In computation it is frequently convenient to replace complicated 
rationals or irrationals by rationals with small terms. For some pur- 
poses the fraction 1/7 is simpler than the corresponding repeating deci- 
mal .142587; the value of 7r is sometimes taken as approximately 22/7. 
Let us agree to call such approximations "simpler" than the original 
numbers. Clearly, it is desirable to study the best approximations of 
numbers bysuchsimpler rationals. There will be a series of such approx- 
imations according to the degree of accuracy required. An elegant way 
to arrive at such approximations is by means of Euclid's algorithm as 
will be shown. 

Suppose we start with a rational approximation p/q to a real number 
which is of greater accuracy than is required; p/q being in reduced 
terms. It is desired to find a simpler fraction p'/q' which will be an 
approximation to p/q. The difference (p/q-p'/q') has a denominator which 
can be no greater than qq', and the absolute value of the difference 
cannot be less than l/qq'. Let us then call p'/q' a"best approxima- 
tion" to p/q if (p/q- p'/q') ? l/qq'. This is evidently equivalent to 
the equation: 

q P-P'q= ?1. 

The numbers p', q' are precisely those obtained in Euclid's algorithm. 
Consecutive simpler approximations can be -found in the same way from 
p'/q', and from the subsequent fractions obtained. 

As an example, let us express 29/73 in a simpler form. Euclid's al- 
gorithm yields: 5 x29 -2 x73 -1. Here p =2, q 5, and the fraction 
2/5 is a best approximation to 29/73. 

The process described in the previous paragraph is equivalent to the 
representation of rational numbers by finite continued fractions. The 
successive approximations are simply the corresponding convergents with 
p/q equal to the nth. convergent and p'/q' equal to the (n- 1)st. con- 
vergent. To see this more clearly, let 

p/q = al + lla2 + Ila3 + ***+ 1/an - [a-,i,an 

be the continued fraction expansion of p/q. If in this expansion, the 
last term 1/an is omitted, it can be shown2 that the remainder of the 

2. For this result and others quoted in this section, see Chapter X of G. H. 
Hardy' s and E. M;. Wright' s "An Introduction to the Theory of Numbers", Oxford 
University Press, 1945. 
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fraction gives the first approximation p'/q'. More generally, it can be 
proven that for any consecutive pairs of convergents p( r) /q( r) 
p (r- 1) /q(r- 1) 

pr,( r- 1) _ p(r-l) q( r) = (-l) r- 1 

This is precisely the condition for Euclid's algorithm. 

6. 

EUCLID'S ALGORITHM IN THE RING OF GAUSSIAN INTEGERS3 

As is well known the set of complex numbers a+ bi with a and b real 
constitutes a field. A Gaussian integer is defined when a and b are rati- 
onal integers. Since a+bi satisfies the equation 

x2 _ 2ax + a2 + b2 = o, 

a Gaussian integer is an algebraic integer in the sense of the definition 
of such integers. We shall indicate the field of complex numbers over the 
of rationals by R(i) and its ring by R[i]. 

An integer U in R[i] is said to be a "unit" of R[i] if U is a divisor 
of G for every G in R[i]. Alternately, we may define a unit as any in- 
teger which is a divisor of 1. The two definitions are equivalent, since 
1 is a divisor of every integer of the ring, and U dividing 1, 1 divid- 
ing G implies U divides G. 

The "norm" of an integer G is defined by 

N(G) = (a + bi) = (a + bi ) (a - bi) = a2 + b2. 

If G= aa- bi is the "'conjugate" of G, then N(G) =GG= 2. Since 
(a2+b2)(c2+d2) =(ac-bd)2+(ad+bc)2, M(G)= N(G)N(H)), i.e., the 
norm of a product is -equal to the product of the norms. 

In order to establish Euclid's algorithm for Gaussian integers, we 
shall need a construction analogous to Euclid's algorithm for rational 
integers. Such a construction depends upon the following: 

3 For the benefit of the reader who is not familiar with the terminology 
used in this section, I state the following drfinitions: 

A "ring" is a system of elements a, b, c, - * * which is closed under the two 
operations of addition and multiplication with the additional properties: 

I. a+ b= b+a II(i). a+(b+c) =(a+b) + c II(ii). a(bc) = (ab) c III. 
a(b+c) =ab+ac IV. a+O=a V. a+(-a) =0. 

If in addition to these laws, ab = ba, the ring is said to be "commutative". 
Examples of commutative rings are offere.d by: (1) all rational integers, (2) 
all even integers, (3) all complex numbers. 

A commutative ring which has the added property that if ab=O then either 
a =0 or b =0 is called an "integral domain '. 

An integral domain in which division is possible by any element except zero 
is called a "field". The rational integers do not form a field; but the rationals, 
the real numbers, and the polynomials of elementary algebra each form a field. 
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Theorem 2. Given any two Gaussian inteqers G,G1 (G1 7 O), there exist 
two integers G2 and K such that 

G = KG1 + G2, N(G2) < WGI). 

Since G1/ 0, we have G/G =r +si where r and s are rational. We can 
find two rational integers x and y such that 

|r -xi < 1/2, is -VI < 1/2. 
Hence 

IG/G1-(x+iy)j =(r-x)+i(s-y)l = [(r-x) + (s-y)2] <1 

Letting K =x+iy, G2=jG-KG1, we get 

IG21 = IG - KG1! < 2-A21G1 

Squaring both sides, we obtain 

IV(G) < 1/2 N(G1). 

This proves the theorem. 
If G2 A0, we apply Theorem 4 a second time, and we have 

Gi = K1G2 + G3, N(G3) < N(G2) 

and so on. Hence, since the sequence of positive rational integers 
I(G1),NI(G2), ... is a decreasing one, the process must ultimately come 
to an end, and there must by an n for which 

iN(Gn+ 1 -0, Gn+i = 0, 

and the last step of the algorithm will be 

Gn_1, = Kn_ Gn 

It now follows as in the case of rational integers that Gn is a common 
divisor of C and G1, and that every common divisor of GI and G2 is a 
divisor of Gn. Hence Gn is the greatest common divisor of G and G1. 

As in the case of the rational integers, the g.c.d. of two Gaussian 
integers is unique except for a unit factor. The units of the Gaussian 
integers are those numbers whose norms are 1. Hence all the units must 
satisfy the equation a2 +b 2=1 for rational integers a and b; whose 
solutions are a = ? 1, b = 0; a = 0, b = ? 1. Hence the units are ? 1, ?i. 
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7. 

EUCLID'S ALGORITHM IN QUADRATIC RINGS 

A complex number is called "algebraic" if it is the root of a poly- 
nomial with rational integer coefficients. In particular, it is an "al- 
gebraic integer" if it is the root of such a polynomial with leading 
coefficient 1. Hence a quadratic integer is a root of the equation 

X2 + px + q = O 

where p and q are rational integers. Let dp2 -4q, then a well-known 
result is the following: 4 

Theorem 3. If d 1 is an integer with no square factors, then in case 
d-2 or d-3 (mod 4), the alqebraic inteqers of R( Fd) are the numbers 
a +bYd with a and b as coefficients. If dAl (mod 4), the inteqers of 
R(4d) are the numbers a+b(1+1T)/2, with a and b rational integers. 

To study the possibility of constructing an Euclidian algorithm in 
the ring of quadratic integers it is advisable to use norms. Let Q 
a+b d be a quadratic number, then its conjugate Q=a-bTd is also 
in the field, and the norm 

N(Q) =QQ = (a+bTd) (a-bbFJ) = a2 - b2d 

is a rational number. Since (a2 _ db 2)(a'2- db '2 )(aa'+ bb'd)2 - d(ab ' + 
ba )2, 

N(PQ) = N(P) XN(Q), 

and the norm transforms problems of divisibility and factorization of 
quadratic integers to that of rational integers. This is the reason why 
the process described for Gaussian integers in the previous section was 
effective in constructing an Euclidean algorithm for such integers. A 
similar remark applies for algebraic number rings of any degree, pro- 
vided the norm of the elements of the ring have been properly defined. 

Analogous to the case of Gaussian integers, let us suppose generally 
the proposition that given the quadratic integers Q and Ql, there exists 
a quadratic integer K such that 

7.1 Q = KQ1 + Q2 IN(Q2)I < IN(Q1) I 
is true in the ring RL[Ti. This was proven valid for Gaussian integers; 

4; See for examp le G ar ret t Birkhoff' s an d S aunders M acLane' s "A Survey of 
Modern Algebra", The Macmillan Company, New York, 1941, p. 400. 
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but we have replaced N(Q) by I|N(Q)J in order to include real rings 
(d <0). In these circumstances, we say that there exists an Euclidean 
algorithm in R[4Ji, and call the ring "Euclidean". 

If we write 7.1 in the form Q2/Q1=Q/Q1-K, then the inequality in 
7.1 is equivalent to the following: given any quadratic number A (in- 
teger or not) of R( Fd), there exists an integer K such that 

7.2 IN(A-K)I < 1. 

Let A=a+b4-d where a and b are rational. If di 1 (mod 4) then 

K = x + yd 

where x and y are rational integers, and 7.2 is equivalent to 

7.3 I(a-x)2-d(b- y)21 < 1. 

If d 1 (mod 4), then 

K = x + y(l + /2 

where x and y are rational integers, and 7.2 becomes 

7.4 } (a -x -y/2) 2 -d(b - y/2)21 < 1. 

When d <0 it is easy to determine all the rings in which inequalities 
7.3 and 7.4 can be satisfied for any a,b and appropriate x,y. The results 
are stated in 

Theorem 4. There are just five complex Euclidean quadratic rinqs, 
namely the rinqs in which d=-1,-2,-3,-7,-11. 

When dAl (mod 4), we can choose rational integers x and y such that 
for given a and b, la-xl <1/2, lb-yI ?1/2, and by 7.3 require that 
1/4-d/4<1. Since d <0, the only solutions possible are d=-l,-2. 

When d-1 (mod 4), we can for a given b, choose |2b-y| <1/2, and 
for agiven a choose x so that |a-x-y/21 <1/2, and by 7.4 1/4-d/16<1. 
Since d<0, the only solutions possible are d-=,-7,-11. This completes 
the proof of theorem 4. 

The situation is considerably more complicated for real quadratic 
rings. For the cases d=2,3,5,6,7,13,17,21,29 the existence of Euclidean 
algorithms as been known for some time. 5 Only recently has it been 
proven that the number of real Euclidean quadratic rings is finite,6 
and the values of d for which this is true are: 

5 For an elegant indirect proof of this result, see G. H. Hardy' s and E. 
M. Wright' s "An Introduction to the Theory of Numbers", p. 214. 

6 Chatland, H. and Davenport, H., "Euclid's Algorithm in Real Quadratic 
Fields", Canadian Jour. of Math., Vol. 2, pp. 289-296, (1950). 
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d = 2,3,5,6,7,11,13,17,19,21,29,33,37,41,57,73,97. 

Rings of a higher degree than the second have been proven Euclidean by 
a refinement of the technique used in quadratic rings.7 

8. 

EUCLID'S ALGORITHM AND UNIQUE FACTORIZATION 

Once it has been established that a number ring possesses an Euclide- 
an algorithm, it is then easy to prove that factorization is unique up 
to the unit factors in the integers of the ring. A"prime" of the ring 
is defined as a number of the ring which contains no other factors be- 
sides units of the ring and itself. Numbers which differ from one another 
by unit factors are called"associates". 

Theorem 5. Any inteqer, not zero, of an Euclidean rinq can be expres- 
sed as a unit times a product of primes. This expression is unique ex- 
cept for the order in which the prime factors occur. 

In the case of the rational primes, this theorem is.known as the 
"Fundamental Theorem of Arithmetic". We shall call rings in which 
unique factorization exists "simple". What Theorem 5 states then is 
that all Euclidean rings are simple. 

To prove the theorem, we let p be a prime dividing n = ab. Then either 
p divides a or p divides b. For if p does not divide a, then by Euclid's 
algorithm there must exist integers P, and a1 such that pp - ala1 
and p1pb-alab=b. But p divides p1pb and also a1(ab)= a1n so it must 
also divide b. The unique factorization now follows, for if p is one of 
the prime factors, in the first prime factorization it must divide one of 
the factors in the second factorization, i.e., must be an associate of 
the latter. Each factor in the first must be associated with a factor in 
the second, and uniqueness follows. 

The theorem is not as trivial as it appears. It is by no means ob- 
vious that prime factorization should be unique. There are numerous 
examplex of rings where factorization of integers into primes is pos- 
sible in different ways. Thus in the field R(IF5), the number 6 has the 
two distinct decompositions 

6 = 2 x3 = (1 + JT7) x (1- Z 5 

where the four numbers 2,3,1+4'f, 1-1T5 can be shown to be distinct 
primes of the field. 

That a ring may have unique factorization, it was shown above that it 
is sufficient that it possesses an Euclidean algorithm. But the condition 
is not necessary. Rings are known which do not possess algorithms and 

7 See for example, Heilbronn, H., "On Euclid' s Algorithm in Cyclic Fields", 
Canadian Jour. of Math., Vol. 3, pp. 257-268, (1951). 
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yet are simple. Such rings are the quadratic rings R[4-19] and R[-4-3]. 
This imposes a limitation on the usefulness of Euclid's algorithm to 
Number Theory. It is only with the introduction of Dedekind's "Theory of 
Ideals" that a deeper insight in the arithmetic of rings is obtained. In 
particular, the theory of ideals restores unique factorization in rings 
which are either simple or non-simple. 

In developing Euclid's algorithm for quadratic rings, we made use of 
the norms of the field. This is not essential to the algorithm. The fol- 
lowing definition is a generalization of the norm concept, and can be 
used effectively to establish an algorithm for the ring.8 

Definition. A commutative ring A with an identity is an Euclidran rinq 
if there exists a function f(a) defined in A and satisfyinq: 1. f(a) is 
a non-neqative inteqer, f(a)=O, if and only if a=O. 2. f(aXb)=f(a)X 
f(b). 3. If bh0, and a is arbitrary, then there exist elements q and r 
such that a =b Xq +r where f(r) <f(b). 

Another approach to the problem of finding the g.c.d. of two numbers 
in a ring and the proof of unique factorization in the ring depends upon 
the notion of a "module" of numbers. A module is a set S of numbers such 
that the sum and difference of any two numbers of S are themselves members 
of S. The numbers of a module need not necessarily be integers or even 
rational. But here we are concerned only with modules of integers. The 
single number 0 forms a module (the null module). It follows as a con- 
sequence of the definition of a module that 

a-a 0, a+a = 2xa, a+a+a = 3Xa, .- ,a+a+a+ '+a = nXa 

all belong to S if a belongs to S. More generally, m X a+ n x b belongs to 
S for any rational integers m,n and any members a,b in S. 

In what follows, we limit ourselves to modules of rational integers. 
Much of the theory carries over to modules of other number systems as 
well. It is plain that any module S of rational integers, except the 
null module, contains some positive number. Suppose that d is the smal- 
lest positive number of S. If c is any positive number of S, then (c-- nX 
d) belongs to S for all n. If r is the remainder when c is divided by d, 
and c=nXd+r, then r belongs to S and O<r<d. Thus r=O, and c=nxd. Hence 

Theorem 6. Any module, other than the null module, is the aqqreqate 
of integral multiples of a positive number d. 

We next show that the number d defined above is the g.c.d. of a and b, 
i.e., d(a,b) . Let d =m Xa +n Xb. Thenany common factor of a and b must 
be a factor of d. But, the integers a=l Xa+Oxb and b=OXa+1xb both 
lie in the module uinder consideration, and hence must be multiples of 
the minimum number d in the set. Hence d is the g.c.d. of a and b. 

We have thus shown the existence of the g.c.d. of two numbers by the 
theory of modules. There is a vital difference when compared to the pro- 
cess of deriving the g.c.d. by Euclid's algorithm: lEuclid's algorithm 
offers a direct construction for the g.c.d. of two integers; while the 
theory of modules merely proves the existence of such a g.c.d. 

8 See for example, Nathan Jacobson' s "Lectures in Abstract Algebra", D. 
Van Nostrand Co., Vol. 1, p. 122. 
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SO YOU TH INK YOU CAN COUNTI 
Cpl. Jerry Adler 

Of course you can count. Like most Americans, you had schooling in 
arithmetic. As a matter of fact, you may have mastered the slide rule, 
enabling you to do mathematics like a whiz. 

Brother, are you in for a surprise. 
In Japan they have an arithmetic board called the soroban. Believe 

it or not, that little calculator outdoes anything we've got. 
Ridiculous? Impossible? Well, let's take an example or two. 
In November, 1946, a contest was held between the Japanese abacus 

and the electric calculating machine in Tokyo under the sponsorship 
of the service newspaper, Stars and Stripes. 

An American Army private, selected in an arithmetic contest as the 
most expert operator of the electric calculator in Japan, met Kiyoshi 
Matsuzaki, champion operator of the abacus in the Ministry of Postal 
Administration, on the field of battle. 

The abacus won four to one - going away 
Still skeptical? Want more proof? 
Stars and Stripes remarked, in reporting the contest, "The machine 

age took a step backward yesterday at the Ernie Pyle Theater as the 
abacus, centuries old, dealt defeat to the most up-to-date electric 
machine now being used by the U.S. Government." 

Still not satisfied? 
The following account should suffice to dispel all doubt. 
In May 1952, during the Sixth All-Japan Abacus Contest, held in 

Tokyo, a master abacus operator gave a demonstration of skill in mental 
arithmetic. This method consists in mentally visualizing a soroban 
and working a problem out by standard methods on the imaginary instru- 
ment. 

In less than one-and-one-half minutes he gave correct anseers to 
50 division problems, each containing five to seven digits in dividend 
and divisor. Then, in less than 14 seconds he added ten numbers of ten 
digits each. 

All is not Lost 

There is one consolation. Some of us in Japan are learning how to 
use the soroban. 

Under the guidance of Patricia Denslow (Pasadena, Calif.), 4th grade 
teacher at the Negishi HIeights Dependent's Elementary School near Yoko- 
hama, youngsters are learning the mysteries of the amazing abacus. 

Miss Denslow' s interest in the abacus began while at the University 
of California at Los Angeles (UCLA) where she majored in psychology. 

83 
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Research in mathematics led to data on the abacus influencing her to 
make the teaching of arithmetic a life's work. 

To learn more about the abacus, Miss Denslow took a year' s leave 
of absence from the schools of Manhattan Beach, California, and accepted 
a position with Japan dependent schools. 

Utilizing her own publication, "The Soroban Made Easy", Miss Denslow 
has uncovered a host of valuable assets on the ancient instranent. 

It helps break the bugaboo of counting on fingers, a device which 
dogs the progress of many children. It reduces tension by giving 
activity to the fingers. It requires the habit of mental calculation; 
essential to speed and confidence in paper work. 

Experience with the soroban forces the child to deal concretely with 
numbers and to observe absolutely essential aspects of our number 
system. And children who have trouble with written work in the first 
three grades, seem to catch on for the first time when soroban studies 
begin in the fourth grade. Thus the experience carries over to written 
work. 

The soroban is one of the first cultural objects which attracts atten- 
tion in Japan, thus it acts as a magnet on the childs interest. 

Children go on shopping trips with their parents, and are both per- 
plexed and stimulated by seeing a tradesman reach for his soroban. 

He tilts the calculator, sweeps his index finger accross the surface, 
pushes little beads one way and another, and announces a price. 

Not only children, but most Westerners are interested in the primi- 
tive looking instrument which makes arithmetic so painless. 

Reckoning Table Covered with Dust 

An immediate assumption is that the soroban must have been invented 
by a renowned mathematician. Was it the Greek Pythagoras, famous for 
the theorem "in a right triangle the square of the hypotenuse equals 
the sum of the squares on the other two sides" ? Could it have been 
ancient Euclid, renowned author of the geometric treatise "Elements"? 

Probably no one will ever know the answer. 
We do know certain facts however. The English word abacus is ety- 

mologically derived from the Greek abax, defined as a reckoning table 
covered with dust or sand. As a result, it is believed that the abacus, 
in its earliest form, was a 'reckoning table covered with dust', in 
which figures were drawn with a stylus. 

In time, a ruled table with disks on lines to indicate numbers, camne 
into being in numerous forms. All were found at one period or another 
in ancient Rome. 

From one variation, the grooved abacus, a type with beads or rods, 
the soroban was probably developed. 

The Japanese soroban, thought to be a rendering of the Chinese suan- 
pan, has undergone many improvements since its popular inception in 
Japan back in the sixteen-hundreds. 
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Today the soroban has been simplified into an oblong wooden frame, 
about a foot long and two inches wide. The frame holds some 21 vertical- 
ly arranged rods, on which wooden beads or counters slide up and down. 
a beam, about 1/4 of the way from the top, slices across the frame hori- 
zontally. 

Each of the four beads on the lower section of a rod has the value 
of one; the bead above the crosspiece has a five value. When all beads 
are touching the frame the board equals zero. Each of the one unit beads 
obtain value when moved up against the crosspiece and loses value wien 
moved back down to its former position. Each of the five unit beads above 
the crosspiece obtains value when moved down against the crossbeam. 

When all beads equal zero, accomplished by moving all fives beads up 
and all ones beads down, the board is neutral. 

Starting at a dot on the crosspiece, placed on every fourth rod, 
one is ready to begin working the soroban. 

The beads rod at the chosen dot column is designated the digits 
column. To the left of that rod is the tens column. Next is the hundreds 
column and so forth, To the right of the chosen digits column is the 
tenths column. 

The arithmetic method has a tremendous advantage in addition and 
subtraction. A problem is worked out from left to right, rather than 
from right to left, as in the case of written arithmetic. It is there- 
fore possible to add or subtract while numbers are being given. For 
example, if the first number in a problem is 652, the operator can enter 
6 on the abacus the instant he hears or sees six hundred. H4e proceeds 
to the 5 and finally the 2. In addition he would add in the hundreds 
column first and not wait until all figures were given to start backward 
from right to left. 

Other advantages of the abacus are its speed of calculation, its 
moderate price, its portability, and its handy construction. 

One disadvantage of the abacus is that intermediate steps in cal- 
culation are not preserved since only a final result is produced. An 
error would therefore necessitate the complete recalculation of a problem. 

Yet, can one doubt the value of a 2,000 year-old instrument which 
has proven itself superior to the electric calculating machine? 

flow Much is 582 Plus 88? 

Clear the soroban by pushing all beads toward the frame. A designated 
dot on the crosspiece is the digits column. 'Put on' a fives bead in the 
hundreds column by sliding the bead above the crosspiece down. Continu- 
ing to the right, move the fives bead in the tens column downr and three 
ones beads up to get 80. Finally, move two beads in the ones column 
up to get two. 

Bemember that in addition you must think in terms of ten. Remember 
that there are nine beads on each vertical rod. To get 10 you need a 
ones bead moved up to the horizontal crossbar in the tens column. This 
is necessary because the bead in the digits column moved down to the 
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crosspiece (equal to five) plus four ones beads in the digits column 
moved up to the crossbar (equal to four) equals only nine. 

To add 88 to 582 already 'set' on the soroban, we proceed from right 
to left. 

We leave the fives bead in the hundreds column alone. In the tens 
column we want to add eighty. Remembering to figure in terms of ten, we 
subtract eight from 10. The resulting two makes us remove two beads in 
the tens column and to compensate on the board we add one bead (below 
the crossbar) in the hundreds column. In other words, we take away 20 
in the tens column and add one bead below the crossbar in the hundreds 
column, leaving 80 in the tens column. 

To add eight in the digits column we again subtract from ten. Re- 
moving two beads in the ones column, we again add one bead (below the 
crossbar) in the tens column to balance the board. 

We have the answer- 670! 

hundreds 
t6ns 

digits 

T~~ ~~~ T 7 I L 

5 8 2 

digits 

r WW ?Z~~~AI 

a 8 

digits 

6 7 0 



A M1ECHANICAL DEVICE, "THE X-PONE", 

FOR POINTING OFF DECIIMALS* 
C. L. Weckesser 

The X-PONE** is an instrument which, when used in combination with 
a slide rule, enables one to read actual numbers in slide rule computa- 
tions. 

Attach the X-PONE to the runner or indicator of your slide rule as 
shown in Figs. 1, 2 or 3. 

At the start of any slide rule computation, always set the dial of 

X-PON? c/amp 
Ain interm ediat e 
posicon fr Ir'e 10 
ii eP /ue rnner <<7 

C 
54 77. 4 y; 7 - 
C .. IA I 16 

0 0 10 10(i) 

J7. 2 , 3 
C/mp in eX3teVdeks A ,ember 
,'osdon fotr le o n reversed 
5/Ide Rule runnver for nverowrunner 

I/ 0 79O, 4 

/ Xtz X-PONE in usa 

*Copyright 1954. 
**Registered U.S. Patent Office. 
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the X-PONE so that the blue (0) shows at the window or viewing aper- 
ture. At this setting the X-PONE is read 100 (ten to the zero power). 

The little number at the upper right of the 10 is called an exponent 
and represents the number of times 10 must be multiplied into 1. 
For example: 

1O0 = 1; 

10' 10; 

102 = 10 x 10 = 100; similarly 

103 = 1,000. 

If this little number is negative it represents the number of times 
1 is divided by 10. For example: 

11 

1O2= 1 = 01 
10 x 10 

The blue numbers on the X-PONE dial represent (+) exponents; the 
red numbers (-) exponents, as follows: 

Blue Red 

(0) = 100 - 1 (1) = 10-= .1 

(1) = 10+1 = 10 (2) = 10-2 .01 

(2) = 10+2 100 (3) = 10-3 = .001 

(3) = 10+3 - 1000 (4) = 10-4 .0001 

etc. etc. 
To multiply powers of 10, it is only necessary to add exponents, thus 

100 x 1, 000 = 102 X 103 = 102+3 = 105 = 100, 000; 

lOOx .001 = 102 x10-3 = 102+(-3) = 1Q' = .1 

In division, exponents are subtracted, thus: 

100 _ 12 100= = 10 2-3 = 10- =1 
1,000 103 

and 100 l102 

.00 - i = 102-(3) = 102+3 = 
105 = 100,000o 
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Addition or subtraction of exponents can be very easily done mechan- 
ically on the X-PONE. By turning the dial clockwise and counting the 
"clicks" exponents are added. By turning the dial counter clockwise 
exponents are subtracted. This can be done without the use of paper 
and pencil. Consider: 

100 

i0, 000 

Look at the 100 and turn the dial two clicks clockwise. A blue (2) 
should show in the window of the X-PONE. Next look at the 10,000 in the 
denominator and turn the dial counter clockwise four clicks. A red (2) 
will now show in the window. The answer is 10-2 or .01. 

In such a case as: 100 

.0001 

after setting the dial to a blue (2) for the 100 look at the .0001 and, 
remembering that -(-) = +, turn the dial four more "clicks". A blue (6) 
will show in the window. 

The real value of the X-PONE is apparent when dealing with combined 
multiplication and division of numbers. Consider: 

1, 000, 000 x 1, 000 x .00001 

100,000 x.OOO1 

Starting with a blue (0) count for the numerator clockwise (6), 
clockwise (3) and counter clockwise (5). For the denominator count coun- 
ter clockwise (5) and clockwise (4). Read the answer 103 or 1,000. 

In using the X-PONE in combination with the slide rule, the C and D 
scales of the slide rule are taken to read from 1 to 10. All numbers 
set on, or read from the slide rule are considered as units multiplied 
by powers of 10. For example, with the runner set on the 0 scale as 
shown in Fig. 1, the X-PONE slide rule combination reads 

1.15 x10? = 1.15x 1 or 1.15 

If the dial of the X-PONE is now turned clockwise so that a blue (1) 
shows in the window, the reading is 1.5 x 101 or 11.5. If the dial is 
next turned counter clockwise two "clicks" so that a red (1) shows in 
the window, the reading is 1.15 x 10-l or .115. 

Multiplying, for example, .00115x 625 is the same as 1.15x 10-3x6.25 

x 102. The result is 7.19 x 10-1 or .719, while dividing 16='- x 
= 1.15 x 10-3 or .00115. 1 

If the product of two units, multiplied on the C and D scales, ex- 
ceeds 10, the slide or C scale will extend to the left of the slide 
rule. For example: 3 x5 = 15. In this case the dial of the X-PONE must 
be turned one "click" to add (1) to the exponent of 10. The result is 
then read 1.5 X101 or 15. 
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If a smaller unit is divided by a larger unit, the slide will project 
to the left as in 3/5. In this case subtract 1 from the exponent of 10 
by turning the X-PONE dial one "click" counter clockwise. Read the an- 
swer, 6 x10-1 or .6. 

In combined multiplication and division, as in the following example: 

576 x .000354 x 100,000 

.0000076 x 92, 000 

several procedures can be followed: (1) The fastest procedure is (a) 
Total up the powers of 10 on the X-PONE, (b) Compute the multiplication 
and division of the units on the slide rule, making changes in the X- 
PONE only when the slide projects to the left. The steps would be as 
follows: 
(a) Collecting, on the X-PONE, the powers of 10 arising from reducing 
the numbers to units, 

numerator denominator 
2) _ (4) + (5) + (6) _ (4) 

(b) Manipulating the slide rule to perform the successive steps of 
division, multiplication, and division, 

5.76 3.54 

7.6 
x 

9.2 

additional exponents arise, indicated by the slide extending to the 
left. These are also set in the X-PONE,- (')+ (1) -(1). Hence the final 
result is 2.92 on the slide rule and 104 on the X-PONE, and is read 
2.92 x104 or 29,200. 
(2) The other procedure is to do the X-PONE operations stepwise, along 
with the slide rule operations, thus 

576 
(a) .0000076 reads 7.59 on the slide rule and 107 on the X-PONE. 

(b) 75,900,000 X .000354 reads 2.68 on slide rule and 104 on X-PONE. 

(c) 26,800 reads 2.92 on the slide rule and 10- on the X-PONE. 
92,000 

_ 

(d) .292 x100,000 reads 2.92 on the slide rule and 104 on the X-PONE. 

Note that with procedure (2) the decimals can be pointed off, if de- 
sired at each step in the computation. 

In using the X-PONE slide rule combination for scales other than D 
and C, the operation of the X-PONE is the same for the powers of 10. 
However, the following notes apply to the operation of the slide rule 
and its effects on the X-PONE: 

I D and C Scales. If the slide projects to the left, add (1) on the 
X-PONE in multiplication, subtract (1) in division. 

II D and CI Scales. If the slide projects to the right, add (-) on the 
X-PONE in multiplication, subtract (1) in division. 
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III D, CF and DF Scales. If the slide projects to the left in multipli- 
cation and the runner is to the left of the CF index or to the right of 
the DF index, add (1) on the X-PONE. If the slide projects to the right 
in multiplication and the runner is between the CF and DF indices, add 
(1) on the X-PONE. If slide projects to the left in division subtract 
(1) on the X-PONE. 

IV D, CIF and DF Scales.If the slide projects to the right in multipli 
cation add (1) on the X-PONE. If the slide projects to the right in 
division and the runner is to the left of the CI index or to the right 
of the DF index, subtract (1) on the X-PONE. If the slide projects to 
the left in division and the runner is between the CIF and DF indices, 
subtract (1) on the X-PONE. 

V A Scales. The left hand A scale is taken to run from 1 to 10, the 
right hand scale from 10 to 100. 

To square a number (a) Consider the number as a unit multiplied by 
the proper power of 10. (b) Double the power of 10 and set on the X- 
PONE. (c) Set the runner of the slide rule to the unit on the D scale 
and read the answer on the corresponding A scale. Examples: 

(1) (310)2 = (3.1)2 x 104. The answer will be found on the left hand 
A scale as 9.6 x104 or 96,000. 

(2) (.0332)2 = (3.32)2 x10-4. The answer will be 11 x10-4 = 1.1x 10-3 
or .0011. 

To extract a square root of a number: (a) Move the decimal point an 
even number of places to the right or left to obtain a whole number 
between 1 and 100. (b) Set %2 the number of places moved in step (a) on 
the X-PONE according to sign, i.e. (+) if the decimal place was moved 
to the left, (-) if moved to the right. (c) If the whole number obtained 
in step (a) is between 1 and 10 set the runner on the left hand A scale 
or on the right hand A scale if the number is between 10 and 100. Find 
the square root of the number on D. Point off the answer as indicated on 
the X-PONE. Examples: 
(1) 462,500 = 16.2 x104 = 6-225 X102 = 2.5 X102 or 250. 

(2) i.0005 =5x10-4 = x10-2 = 2.24 x10-2 or .0224. 

VI K Scales. The left hand K scale is taken to run from 1 to 10, the 
middle K scale from 10 to 100, the right hand K scale from 100 to 1,000. 

To cube a number: (a) Consider the number as a unit multiplied by 
the proper power of 10. (b) Multiply the power of 10 by 3 and set it on 
the X-PONE. (c) Set the slide rule runner on the D scale and read the 
cube of the unit on the corresponding K scale. Examples: 

(1) (210)3= (2.1 x 102)3 = 9.26 x 106 or 9,260,000. 

(2) (.035)3 = (3.5 x10-2)3 = 43 x10-6 = 4.3 x10-5 or .000043. 
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To extract the cube root: (a) Move the decimal point to the right 
or left a number of places, divisible by 3, to obtain a whole number 
between 1 and 1,000. (b) Set 1/3 of the number of decimal places moved, 
on the X-PONE according to sign, (+) or (-). (c) Set the number obtained 
in step (a) on the proper K scale, 1 to 10, 10 to 100 or 100 to 1,000. 
Read the cube root on the D scale and point off as indicated on the X- 
PONE. Examples: 

(1) 318250 = 3i8.2 x103 = 3 E xl0 = 20.2 

(2) '27 . - 027 = -= .03 

VII T, S and ST Scales. If at the end of a computation for tan 0, the 
X-PONE reads 10-1, the angle 0 will be found on the T scale. If the X- 
PONE reads 10-2, the angle 0 will be found on the ST scale. If the X- 

PONE reads 100 or 101, the angle 0 = 90 - arc tan ( )- Examples: 
tan 0 

(1) Arc tan 5.77 X 10- = 30 degrees (found on T). 

(2) Arc tan 1.91 X10 = 90 - arc tan (5.24 x10-2) 90- 3 (found on ST 
scale) = 87 degrees. 

If the X-PONE reads 10-1 for sin 0, the angle 0 will be found on the S 
scale. If the X-PONE reads 10-2 for sin 0, the angle 0 will be found 
on the ST scale. 

VIII LL1, LL2, LL3, LL01, LL02, and LL03 Scales. The X-PONE can be 
used to determine the correct LL scale on which the answer will be 
found. Set the X-PONE to the blue number corresponding to the number 
LL or LLO scale on which the first quantity is set. Then proceed in a 
manner similar to multiplicatlon, since 

log10 (logKeXn) loglon + log10 (logeX) 

Examples: 

(1) Evaluate 80.5. Set the right index on the C scale opposite 8 on 
the LL3 scale. Set the X-PONE to (+3). Move the runner to 5 on the C 
scale. Subtract (1) on the X-PONE for 0.5 = 5x10-l and then add (1) on 
the X-PONE since the slide of the rule projects to the left. This leaves 
the X-PONE set at (+3). Therefore, the answer is found on the LL3 scale 
as 2.83. 

(2) 80.005 = 1.0105 (read on LL1 scale) since the X-PONE will read 
(+1) after manipulations. 
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THE INFLUENCE OF NEWTONIAN MATHEMATICS 

ON LITERATURE AND AESTHETICS 

Morris Kline 

All Nature is but Art, unknown to thee; 
All Chance, Direction, which thou canst not see; 
All Discord, Harmony not understood. 

Alexander Pope 

During his travels in Laputa Gulliver encountered several professors 
engaged in projects to improve the language of the country. The first 
project was to shorten discourse by cutting polysyllables into one, and 
leaving out verbs and participles, because in reality all things imagin- 
able are but nouns. Another project was a scheme for abolishing all 
words whatsoever; this was urged as a great advantage in point of health 
as well as brevity. Words could be dispensed with simply by having peo- 
ple carry objects about with them and exhibit these instead. Unfort- 
tunately the women of Laputa objected to this scheme because it did not 
allow them to use their tongues. 

In this passage as well as numerous others Jonathan Swift used his 
strongest weapon-satire-to ridicule and to nullify the thoroughgoing in- 
fluence on literature exercised by the mathematics of his day. Just as 
the successful business man in twentieth century America has become the 
authority in our time, somathematics, successful in revealing and phras- 
ing the order in nature, became the arbiter of language, style, and form 
in the literature of the seventeenth and eighteenth centuries. 

The imitation of mathematical writings was a major influence towards 
standardizing language. Words became arbitrary but fixed symbols for 
ideas just as x is an arbitrary symbol for an unknown quantity and yx=2 
for a functional relation. The standardization of the English language 
could be noted in the constant reference to girls as nymphs, lovers as 
swains, lawns as dewy, fountains and streams as mossy, and water as 
limpid, while particular words were associated ad nauseam. 

Just as mathematics uses abstract concepts so did ordinary discourse. 
A gun became a leveled tube; birds were a plumy band; fish were a scaly 
breed or a finny race; the ocean became a watery plain; and the sky a 
vault of azure. The poets in particular indulged in abstract terms such 
as virtue, folly, joy, prosperity, melancholy, horror and poverty, which 
they personified and wrote in capital-letters. Both standardization and 
the preference for abstractness stripped the language of concrete, color- 
ful, picturesque, and succulent words. 

The movement towards standardization culminated in one of the land- 
marks of the development of the English language, Samuel Johnson s 

93 
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Dictionary. Johnson undertook to regulate a language which had been 
"produced by necessity and enlarged by accident." From a more or less 
inclusive explanation of the meanings of words Johnson converted the 
dictionary into an authoritative standard of good usage and the arbiter 
of verbal fashions. By reference to actual quotations and by careful 
distinctions clearly set forth he established exact meanings and proper 
employment of words. It was his intent that these meanings and usages 
were to be fixed for all time just as the word "triangle" has meant pre- 
cisely the same thing for 2500 years. 

This change in the concept of a dictionary appears radical in a his- 
tory of dictionaries but it was almost to be expected in the eighteenth 
century. For Johnson set about to do for the English language what the 
age had already decided to do in all spheres of activity, namely, to 
determine and establish the most reasonable, most efficient, and per- 
manent standards. Actually Dr. Johnson was misguided. Philologists have 
learned since his day that language is necessarily a fluid, slowly chang- 
ing, evolving phenomenon. Words change in meaning from year to year and 
from place to place. In recognition of changes in language the modern 
dictionary reserves a place for archaic meanings. 

Standardization of language was accompanied by a critical examination 
of the efficacy of ordinary languages. Jeremy Bentham, who is noted for 
his highly influential political philosophy, concerned himself also with 
the achievement of precision in language. Nouns, he says, are better 
than verbs. An idea embodied in a noun is " stationed on a rock"; one 
embodied in a verb "slips through your fingers like an eel". The ideal 
language would resemble algebra. Ideas would be represented by symbols 
as numbers are represented by letters. These ideas would be associated 
by the smallest possible number of syntactical relationships just as all 
numbers are associated by just the few operations, addition, multiplica- 
tion, equality, and so forth. Two statements should then be comparable 
as are two equations when, for example, one equation is obtained from 
another by multiplication by a constant. 

The influences of mathematics on language which we have examined thus 
far were in the nature of modeling ordinary language on the pattern of 
mathematics. The mathematician and philosopher Leibniz attacked the 
problem of language from the other end. Mathematics already had an ideal 
language and modes of discourse for its purposes. Why not broaden the 
scope of the mathematical language and mathematical machinery so as to 
include all domains of inquiry?. His first projected step towards this 
universal science or logical calculus was to decompose all the ideas 
which are employed in human thought into the fundamental, distinct ones, 
just as the numbers 6 and 24 are decomposable into the ultimate prime 
factors 2 and 3. He next proposed to represent these fundamental ideas 
by symbols of a universal, scientific language, symbols not unlike Chi- 
nese ideogram writing. The symbols would be compact, unambiguous, and 
non-overlapping. He then intended to codify the laws of reasoning so 
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that one could apply them to the symbols and combinations of symbols in 
order to deduce conclusions mechanically and efficiently, just as math- 
ematics does in algebra. By this plan he hoped that all questions could 
be settled. 

At first blush Leibniz' plan seens preposterous. To hope to settle 
all questions in all fields strikes one as rather far-fetched. Yet this 
much can be said in his behalf. The history of mathematics shows that 
the introduction of better and better symbolism has made a commonplace 
of processes which would have been impossible with the unimproved sym- 
bols. To take the simplest example, the use of the Hindu-Arabic symbols 
for our nunbers and of positional notation makes itpossible for elemen- 
tary school children to-day to perform operations beyond the capacities 
of learned mathematics of Greek, Rloman, and medieval times. Nevertheless 
Leibniz was too ambitious. Not only did he himself never complete his 
efforts in these directions, but his belief that all ideas could be de- 
composedinto relatively few fundamental ones has not been substantiated. 

Tfhe reform of language was but one of many mathematical influences on 
literature. Style was radically altered. It was well known that state- 
ments in a mathematical discussion or demonstration are concise, unam- 
biguous, clear, and precise. Many felt that the success enjoyed by 
mathematics could be credited almost entirely to this unquestionably 
naked and pristine style. While this view falls short of the truth, it 
nevertheless reflected the opinions of the educated public. One of the 
great intellectuals of the age, Le Bovier de Fontenelle, wrote: 

The order, the neatness, the precision, the exactness prevailing in good books 
for some time may well have arisen in that geometrical spirit now more wide- 
spread than ever .-.. A work on ethics, politics, or criticism, perhaps even a 
work of eloquence will be finer, other things being equal, if it is done by the 
hand of a geometrician. 

Dryden went so far as to declare: "A man should be learned in sever- 
al sciences, and should have a reasonable, philosophical and in some 
measure, a mathematical head to be a complete and excellent poet ." 

Young America also fell under the new influences. 

We do not listen with the best regard to the verses of a man who is only a 
poet, nor to his problems if he is only an algebraist; but if a man is at once 
acquainted with the geometric foundation of things and with their festal splen- 
dor, his poetry is exact and his arithmetic musical. 

This from Emerson. 
The works of the outstanding mathematicians were set up as literary 

models by the eighteenth century. Descartes' style was extolled for its 
clarity, neatness, readability, and perspicuity, and Cartesianisn became 
astyle as well as a philosophy. The elegance and rationality of Pascal's 
manner, especially in his Lettres Provinciales, were hailed as superb 
elements of literary style. Writers in almost all fields began to ape as 
closely as theirsubject matter permitted the works of Descartes, Pascal, 
Huygens, Galileo, and. Newton. 
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The changes in prose style were numerous. Abandoned was the pedantic, 
florid, scholarly style with complex Latinized constructiins in favor of 
a simple, more direct prose. Banished also were impetuous flights of 
imagination, vigorous, emotionally charged expressions, poetic exuber- 
ance, enthusiasm, and sonorous and highly suggestive phrases. An age of 
reason demanded a prose which would be readily intelligible and appeal 
to the common sense of men. 

In the seventeenth century the Fellows of the Royal Society in London 
decided that the reformation of English prose was within the province of 
that august body. A committee, including Sprat, Waller, Dryden and Eve- 
lyn, was appointed for the study of the language. With furtive glances 
at the Academie Francaise the committee suggested founding an English 
academy for the " improvement of speaking and writing. " It also urged the 
members of the Society to avoid eloquence and extravagance of expression 
in the description of their experiments. They were to reject all "ampli- 
fications, digressions and swellings of style" and to seek a " return to 
primitive purity, and shortness, when men delivered so many things in 
almost an equal number of words. " They were to use a " close, naked, 
natural way of speaking; positive expressions, clear senses; a native 
easiness; bringing all things as near the mathematical plainess as they 
can; and preferring the language of artisans, countrymen, and merchants 
before that of wits and scholars." 

And so a style based on reason and order evolved. Clarity, propor- 
tion, *the architectural instinct for form, the gift of logic, rhythm, 
symmetrical structure and cadences, and rigid adherence to set forms 
were elements of the new prose style. Prose becamne sober, terse, pre- 
cise, and epigrarmnatic, largely in imitation of the aphoristic, senten- 
tious manner of Francis Bacon. A demand for easy intelligibility and 
clarity required that each phrase or group of words be readily grasped 
by the mind. Hence brief sentences became fashionable. Inversion was 
frowned upon; within the sentence the order of words was dictated by the 
thought. Also, sentences were supposed to link with each other so as to 
show clearly and at once whence the thought comes and where it goes. 
The aim and law of prose style became the "easy intelligible inter- 
course of minds". 

This emphasis on the rational and scientific elements in style at the 
expense of the emotional fostered the qualities of perspicuity and logic 
appropriate to fine rhetoric, reasoning and narrative, and discouraged 
the expression of strong emotion and passion that inspires great poetry. 
Literary pleasure was sacrificed to rational demands. The Age of Reason 
expressed itself, therefore, mst characteristically in prose, the novel, 
diary, letter, journal and essay lording it over the lyric and drama. 
In fact the novel pretty much replaced poetry as the outlet for imagina- 
tive writing while the lyric poetry. of the age became prosaic, "poetized 
prose. 
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This change wrought by Newtonian science and mathematics parallels to 
a large extent the change ushered in by Socrates in Greece of the fourth 
century B.C. In the words of the renowned Greek historian, Bury: 
While Socrates and others had been bringing about a revolution in thought, 
the -- professors of rhetoric or style had been preparing an efficient vehicle 
for diffusing ideas. Prose is the natural instrument of criticism and argument; 
it is a necessary weapon for intellectual persuasion; and therefore the fourth 
century is an age of prose. 

The parallel between the literature of the European and Greek ages of 
reason goes even further. The same drift from religion characterized 
both the eighteenth century and the fourth century B.C. and affected in 
a similar fashion their respective literatures. Let us read Bury again: 
It must always be remembered that the great dramatic poets of the fifth century 
bore an inalienable religious character; and, as soon as the day came when the 
men of the highest literary faculty were no longer in touch with the received 
religion, drama of the old kind ceased to be written. 

Not content with reducing poetry to a minor activity, the critics of 
the eighteenth century were determined to achieve mathematical objectiv- 
ity by suppressing all personal or individualistic efforts in this art. 
Pope, Addison, and Johnson literally dictated poetic style in accordance 
with strict rules derived from a study of the ancients, while Dryden's 
translations of the Latin classics prrscribed the laws of metrical tran- 
lation into English. Verse, it was thought, could be taught by rule; 
lyric, epic, sonnet, epistle, didactic verse, ode and epigram could be 
built up by observance of their natural laws, while order, lucidity and 
balance were goals sought in the process. Attention to gramnatical rules 
and sentence structure was recommended for verse. The principles of form 
in poetry were likened to mathematical axioms because the axioms deter- 
minedthe form as well as the content of the theorems. The heroic couplet 
won favor because of its balance and symmetry, and, extreme as it may 
seem to us, because the form was analogous to a series of equal pro- 
portions. It was regarded as the essence of cadenced regularity. 

Poetry adopted a code which was laid down as a series of mathematical 
propositions. Great poetry reduced to correct writing, that is, obe- 
dience to the code. In this code, spirit as well as form were pre- 
scribed; enthusiasm was abhorrent; there was to be no enition, no aban- 
don. Imagination was to be limited by reason. The goal of poetry was not 
to stir the feelings, but to be didactic, ratiocinative and argurnenta- 
tive in rhyme. 

Pope's own expression of the belief in"natural laws" for poetry is 
found in his Essay on Criticism. 

First follow Nature and your judgment frame 
By her just standard, which is still the same. 
Unerring Nature, still divinely bright, 
One clear, unchanged and universal light, 
Life, force, and beauty, must to all impart, 
At once the source, and end, and test of Art. 
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To follow nature did not mean precisely what it meant in the physical 
sciences, that is, to obey nature's mathematical laws. RBather through 
the historically justifiable association of the Greeks with nature, to 
follow her meant to imitate the form of the Greek classics. Hence, says 
Pope: 

Those rules of old discovered, not devised, 
Are nature still, but nature method:i zed; 
Nature, like liberty, is but restrained 
By the same laws which first herself ordained. 

When first young Maro [Virgil] in his boundless mind 
A work t'outlast immortal Rome designed, 
Perhaps he seemed above the critic's law, 
And but from Nature' s fountains scorned to draw; 
But when t' examine every part he came, 
Nature and Homer were, he found, the same. 

Nevertheless when Pope translated Homer's Iliad he rendered not Homer 
but Pope. As Leslie Stephen points out in English Literature and Society 
in the Eighteenth Centiry"When we read in a speech of Agamemnon ex- 
horting the Greeks to abandon the siege 

Love, duty, safety summon us away; 
'Tis Nature' s voice, and Nature we obey, 

we hardly require to be told that we are not listening to Horner's Agamnernnon 
but to an Agamnmon in a full-bottorned wig.' We tieed hardly be told also that 
we are listening to the voice of the eighteenth century attuned to its basic 
assumptions: the validity of rationalism and the prevalence of natural law. 

As a consequence of the pressure of the critics in the directions indicated 
poetry did become decorous, temperate, well regulated, and intellectual. 
Ihe rules of the critics were followed almost meticulously. Poetry adopt- 
ed Pope's formal and strictly regulated versification, and emphasized 
such neo-classical ideals as lucidity, moderation, elegance, proportion, 
and universality. Poetry could be ironic but must suppress feeling and, 
especially, enthusiasm. Thus the great tragedies became the tragic vic- 
tims of the new literary atmosphere of comnmon sense. The conception of 
poetry as something awful, spiritual, or divine, was almost forgotten 
during the eighteenth century. 

Only a few men, notably Collins, Smart, Cowper, and B3lake, some sup- 
posedly with traces of insanity in their make-ups, dared to violate the 
rules and to write in accordance with their own dictates. Those few 
writers who persisted in writing the poetry of passion had to smuggle 
their works into the literary world either by disguising them or by pre- 
tending to ridicule their efforts. 

These changes in the poetic spirit were so drastic that some critics, 
especially in the nineteenth century, felt that all beauty had been ban- 
ished. Keats execrated Descartes and Newton for cutting the throat of 
poetry and Blake damned them. At a dinner party in the year 1817 Words- 
worth, Lamb, and Keats, among others, drank a toast which ran: "Newton's 
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health, and confusion to mathematics." But the critics of the period 
saw beauty in adherence to the strict rules of versification. 

The code for poetry was hopelessly inadequate. The rules of descrip- 
tive geometry produce a draftman's sketch, not a work of architecture. 
As Burns put it, one cannot "hope to reach Parnassus by dint o'Greek." 
So reason, taking the place of imagination and feeling, produced prosaic 
and cold poetry. Not until Wordsworth, Coleridge, Keats, and Shelley 
revolted against the suppression of emotion and the strict rules for 
verse did true lyric poetry revive. 

The poetry that was written during the Newtonian era was filled with 
appreciations and praise of the works of mathematics and science. The 
writers found reason, mathematical order and design, and the vast mechan- 
ism of nature themes so moving that these replaced the concern for birth, 
love, and death of insignificant man. No one is so unrestrained in his 
enthusiasm for the new wonders of the world as is Dryden. 

From harmony, from heavenly harmony. 
This universal frame began: 

From harmony to harmony 
Through all the compass of the notes it ran, 
The diapason closing full in Man. 

As from the power of sacred lays 
The spheres began to move, 

And sung the great Creator's praise 
To all the blest above; 

Famous also are the lines Alexander Pope intended as an epitaph for 
Newton's tomb in Westminster Abbey: 

Nature and Nature's laws lay hid in night; 
God said, "Let Newton be", and all was light. 

Except in so far as occasional quotations illustrate the new subject 
matter it is impossible to survey here the great poetry of the age. The 
extent of the change in the content of English poetry may be appreciated 
somewhat if one recalls that the major seventeenth century poets of 
Newton's youth wrote devotional poetry or love lyrics. Almost all of 
them ignored mathematics and science. The few who happened to touch 
upon these subjects seemed unaware of the tremendous import of the cur- 
rent developments. For example, Milton, who had paid his respects to 
Galileo on a trip to the Continent, and lived 32 years after the lat- 
ter's death, nevertheless retains Ptolemaic theory in his writings. 
Still others even ridiculed mathematics. In 1663 Samuel Butler wrote 
in his Hudibras: 

In M1athematicks he was greater 
Than Tycho Brahe, or Erra Pater: 
For he, by Geometrick scale, 
Could take the si ze of Pots of Ale; 
Resolve by Signs and Tangents streight, 
If Bread or Butter wanted weight; 
And wisely tell what hour o' th' day 
The Clock doth strike, by Algebra. 
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After Newton's work ridicule changed to unbounded admiration. 
Literature was not the only art to be strongly influenced by the flour- 

ishing and almost domineering mathematical spirit of the age. Painting, 
architecture, landscape gardening, and even furniture design became 
subject to rigid conventions and explicitly set standards. In painting, 
the precepts of Sir Joshua Reynolds illustrate the artistic temper of 
the times. Fidelity to the object painted, subservience of color to 
idea, and the sacrifice of details to the general and everlasting ele- 
ments were stressed by him. Moreover, the painter should address him- 
self to the mind and not the eye. In architecture, landscape gardening, 
furniture and pottery, order, balance, symmetry and strict adherence to 
well-known simple geometrical forms ruled the day. Art academies formed 
on the pattern of the successful scientific academies promulgated the 
criteria of art and exerted great influence in securing adherence and 
setting the fashion. 

Following the changes in the character of literature, painting, and 
the other arts came the change in the philosophy of aesthetics which 
rationalized and.justified the new attitudes. The new thesis of aesthetics 
was that art like science is derived from the study and imitation of 
nature and hence, like nature, was susceptible of mathematical formula- 
tion. According to Sir Joshua Reynolds, 

It is the very same taste which relishes a demonstration in geometry that is 
pleased with the resemblance of a picture to its original and touched with the 
harmony of music. All these have unalterable and fixed foundations in nature. 

Moreover, said Sir Joshua, the essence of beauty is the expression of 
universal laws. 

Just as observation had produced Kepler's laws so the study of nature 
would reveal the laws of art. Some, however, believed that reason alone, 
independently of observation, could deduce by the a priori geometrical 
method the mathematical laws of aesthetics, for beauty like truth is 
apprehended by the rational faculty. 

And so men studied nature or applied their rational faculties to re- 
duce art to a system of rules and beauty to a series of characterizing 
formulas. Precepts for attaining beauty were laid down and analyses were 
made of the nature of the sublime. It was expected that the search for 
beauty in Nature would produce not only an abstract ideal of beauty but 
its chief characteristics. With this knowledge, beautiful works could 
then be created almost at will, but only by observance of the rules of 
art so discovered. Unfortunately great art is still not being made on a 
mass production basis; perhaps this is because no twentieth century in- 
dustrial tycoon has understood the eighteenth century as yet. 

* * * * *t * * * * * * * * $ 

Wehave attempted in this article and an earlier one* to illustrate the 

*See "The Harmony of the World", Mathematics Magazine, Jan. -Feb., 1954, pp. 
127-139. Refer also to the book Mathematics in Western Culture, reviewed on 
page 121 of this issue. 
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revolution in culture caused by Renaissance and seventeenth century 
developments involving mathematics. By 1800 the changes were already im- 
measurable and the impress was just beginning to be exerted. The impli- 
cations and amplifications of mathematical activities of the sixteenth 
and seventeenth centuries are still shaping our thoughts as well as our 
physical mode of living, more and more so as time passes. Indeed the 
eighteenth century Age of Reason marked merely the introduction of an 
essentially modern culture as opposed to an earlier ecclesiastical, 
feudal one. 

In general the influence of Kepler, Galileo, Newton and his contempor- 
aries was to initiate one vast intellectual inquiry into the nature of 
the world, man, society, and almost every institution and custom of man. 
The age passed on to its successors the rationalistic spirit which it 
exalted, the ideal of general, all-embracing laws, and the ideal of 
mathematical certainty. It also launched our civilization on a quest for 
omniscience, stimulated the desire to organize thought into systems on 
the mathematical pattern, and imbued a faith in the power of mathematics 
and science. 

Upon the basis of the striking successes which seventeenth century 
mathematics and science achieved in the fields of astronomy and mechanics 
the eighteenth century intellectuals asserted the conviction that all 
of man's problems would soon be solved. [lad these men known of the ad- 
ditional marvels science and mathematics were soon to reveal they would 
have been even more unreserved, were that possible, in their expecta- 
tions. It is now evident that these thinkers were indulging in urnwar- 
ranted optimism. However, their conviction was prophetic at least to the 
extent of a half-truth, for mathematics and science did go on to remake 
the world if not solve all its problems. Even in those domains where 
very little progress has been made towards the solution of basic prob- 
lems the ideals of the Age of Reason still provide the goals and the 
driving force. 

Despite the almost incredible subsequent growth in the influence of 
mathematical ideas and techniques, popular regard for the subject today 
is considerably weaker than it was in the eighteenth century. In perus- 
ing journals of that age one is struck by the fact that those written 
for the class in society which now reads such magazines as Harpers and 
the Atlantic Monthly contained mathematical articles side by side with 
literary articles. The educated man and woman of the eighteenth century 
knew the mathematics of their day, felt obliged to be au courant with 
all important scientific developments, and read articles on them much as 
the modern man reads articles on politics. These people were as much at 
home with Newton's mathematics and physics as with Pope's poetry. Even 
in the seventeenth century we have the instance of Samuel Pepys so much 
attracted by the scientific activity of this time that at the age of 
thirty he undertook to learn mathematics. He began, incidentally, with 
the multiplication table, which he then taught to his wife. In 1681 
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Pepys was elected president of the Royal Society of London, a post so 
distinguished that it was also held by Newton for the last 25 years of 
his life. Today, by contrast, men commonly regarded as educated feel no 
compulsion to inform themselves even in elementary algebra. 

The paradox is perhaps readily resolved. In the eighteenth century 
education was confined to a small superior group; the few spoke for their 
age andgave it its intellectual character. The spread of democracy since 
the French revolution has brought with it the diffusion of knowledge to 
large masses whose bulk covers the pages of current history. The par- 
ticipation of great masses in cultural activities has temporarily at 
least concealed the greatly increased application of reason in our pres- 
ent civilization and has obscured the record of genius. For reason is 
the highest and most difficult form of hunan activity, and the level of 
great masses cannot be expected to reach the level of a few geniuses. 

It is of course true that the full role of mathematics in present day 
civilization is less obvious. The deeper and complex applications which 
are now so common are not readily comprehended even by specialists. 
Nevertheless the average person with merely the will to apply himself 
could learn more mathematics and science in an ordinary present day 
college program than the best of the eighteenth century men could pos- 
sibly have known. The trouble would seem to be, at least in the United 
States, that true education for all who can absorb it exists in name 
only. As a country we pay lip service to education but devote practical- 
ly no money or energy to the task. Consequently the high schools and 
colleges educate those who can afford to come and suit the curriculum 
to the student. To make a bad situation worse, it is the graduates of 
these schools who become in turn the leaders in education. 

These facts account in large part for the tendency of people today to 
belittle or ignore mathematics, which dominates our age even more than 
it did the eighteenth century, whereas the learned of that period re- 
garded it as paramount in importance. 

New York University 
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PROBLEMS AND QUESTI ONS 
Edi ted by 

Robert E. Horton, Los Angeles City College 

Readers of this department are invited to submit for solution problems be- 
lieved to be new and subject matter questions that may arise in study, in re- 
search, or in extra-academic situations. Proposals should be accompanied by 
solutions, when available, and by any information that will assist the editor. 
Ordinarily, problems in well-known textbooks should not be submitted. 

Solutions should be submitted on separate, signed sheets. Figures should 
be drawn in India ink and the size desired for reproduction. 

Send all communications for this department to Robert E. Horton, Los Angeles 
City College, 855 North Vermont Avenue, Los Angeles 29, California. 

PROPOSALS 

215. Proposed by rVorman Arning, Alhambra, California. 

Solve arc cot x + arc cot y = arc cot z where x, y and z are integers 
such that x>y> z >0. 

216. Proposed by Erich Mfichalup, Caracas, Venezuela. 

Prove that 
co 16n2+12n- 1 1 

n= 1 8(4n +3) (4n + 1) (2n + 1) (n + 1) 24 

217. Proposed by Huseyin Demir, Zonguldak, Turkey. 

Prove that a necessary and sufficient condition for the convex polygon 
A1 A2 A3 AZ to be inscriptable is that: 

A11 A1 A2 A1 3 A1 AL; 

D = A2 A1 A2 A2 A2A3 A2 A4 =0 
A3A1 A3 A2 A3A3 A3 A 
A 4A 1 A A2 A, A3 A4 AL4 

where A.1 denotes the distance between the vertices Ai and A. if j >i, 
and A. A. = -A. A.. 

218. Proposed by Ben K. Gold, Los Angeles City College. 

Prove 
K _)t rK +i r2K+p1 
i=O [KJ K K-i 

103 
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219. Proposed by IV. Shklov, University if Saskatchewan. 

Let a straight line through the origin meet the lines x+y-4 = 0 
and x-y- 4 = 0 in the points A and B respectively. Let M be the mid- 
point of the segment AB. Determine the locus of M as the line OAB is 
rotated about 9. 

220. Proposed by Thomas F. Mulcrone, St. Charles College, Louisiana. 

Show that for n> 2 the Farey sequence F. contains an odd number of 
terms. 

221. Proposed by E. P. Starke, Rutgers University. 

On a conical surface there is traced a spiral which crosses each of 
the linear elements at a fixed angle 0. Find a simple expression for the 
length of this spiral between any two of its points. 

SOLUTIONS * 

Late Solutions 

189, 191. H. W. Feldman, St. Louis, 4fissouri. 

A Food Index Function 

193. [January 1954] Proposed by Francis J. Weiss, Washington, D. C.. 

In comparing the relative food value of certain foodstuffs or the 
nutritional adequacy of different diets it is customary to express con- 
tents of individual nutrients in fractions or percentages of scien- 
tifically determined dietary allowances. There are about 40 different 
nutrients that are considered essential for maintenance of health (car- 
bohydrates, fats, 10 amino acids, 12 vitamins, and the rest minerals 
and trace minerals) the lack of a single one may eventually be fatal. 
Consequently, no matter how plentiful the other nutrients are, if a 
single nutrient for instance lysine or vitamin C or iron is lacking, 
the diet is inadequate and death may result. Thus the individual nu- 
trients or their fractions are clearly multiplicative which means that 
its maintenance value is zero, if only a single factor becomes zero. 

On the other hand there is no doubt that the individual nutrients 
contained in a certain quantity of food or in a particular diet are 
also additive inasmuch as they contribute their share of calories and 
substances needed for the body. Consequently, if one wishes to compare 
the food value of certain foods (one quart of milk, one egg, etc.) or 
of a certain diet (lumberman in Oregon, child in California), one would 
have to express the combined nutrient ratios in a single expression 
that would have to be both additive and mul'tiplicative, for instance: 
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Recommended dietary 
allowances per day A + B + C + D *e (1) 

Actual food intake 
or food value per gram a + b + c + d (2) 

a b c d 
Food index figure F A eB 0 C a D (3) 

Simultaneous multiplication and addition is indicated by the symbol e 
for lack of a better one. 

Is it possible to carry out such combined operations mathematically? 
Can a Food Index Function 

[a b c) 
t A B' C' 

be developed which possesses the desired multiplicative and ad- 
ditive properties? 

Comment by R. B. Flerrera, Los Angeles City College. 

A function which might meet the requirements of the Food Index func- 
tion, of being, additive and multiplicative, is the following: 

[A' B' XJ (e -1), 

where n is the number of ratios a 
More concisely, let A 

k n a./A. 
F ( -1)n ir- (e _-1), 0<ai. Ai, Ai/0. (e. ~1)n i=i 

Then F has the properties: ai/Ai 
e ' - 1 

1) If at is present in required amount, at =Ai, the factor e 
is equal to 1; otherwise the factor is less than 1 and lowers the value 
of the whole product. a./A. 

2) If ai is absent, ai =0, but Ai 0, then = = 0, and 
F = 0. e- e- 

3) For suitable k, a maximum index such as 1000, can be set. Thus if 
ai=Ai for all i, the value of F is equal to k, and otherwise lies be- 
tween 0 and K. 
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A Dissected Square 

194. [March 1954] Proposed by C. S. Ogilvy, Hamilton College, New York. 

Rearrange the five quadrilaterals and five triangles to form one per- 
fect square: 

Figure 1 

I. Solution by T. F. Mulcrone, Spring fill College. The given 
quadrilaterals and triangles are obviously sections of squares. If we 
denote by unity the sides of these squares then the shorter legs of the 
triangles are Y/2 unit and their hypotenuses are 4f/2 units in length. 

Hence the one perfect square formed from the sections of the five 
given squares must have an area of 5 square units, and hence have sides 
of length I5 units, or twice the length of the sections of the original 
squares. And, if we rotate ZDEF until FE coincides with AB, then 
Z DEF + / ABC = / ABC + Z DEF = 90?. 

Thus, four of the given squares transform into the corner elements 
of the required square, while the fifth given square is the center por- 
tion of the required square, as indicated in the diagram. 

A~~~~ 

Figure 2 

II. Solution by ffenry W. Gould, Portsmouth, Virginia. Figure on 
page 107. 

Also solved by Leon Bankoff, Los Angeles, California; Richard K. Guy, 
University of Malaya, Singapore; J. M. flowellZ, Los Angeles City College 
(Two Solutions); John Jones Jr., Mississippi Southern College; W. Moser, 
University of Toronto; W. M. Sanders, Mississippi Southern College; S. 
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Figure 3 

H. Sesskin, flofstra College, NVew York; At. Shklov, University of Sas- 
katchewan; C. W. Trigg, Los Angeles City College (Two Solutions); Chih- 
yi Wang, University of Minnesota; Warren J. Wayne, Butler University; 
and the proposer. 

Leon Bankoff submitted the following references to the problem: 

1. Ladies' Diary, Supplement (1803), p. 22. 
2. Hutton's Translation of Montucla's edition of Ozanam's Recrea- 

tions, problem 18, p. 292, Vol. I, (1770). 
3. A solution in the Ladies' Diary, 1819, p. 37, Question VI, refers 

to the figure composed of four congruent right triangles and a square, 
assembled to form another square, as the "Bride's Chair". 

4. Scripta Mathematica, Vol. XIX, No. 4, Dec. 1953, page 270. 
5. Sam Loyd's Encyclopedia of 5000 puzzles, Tricks and Conundrums. 

Lamb Publishing Co., N. Y. 1914, p. 369; p. 227. 

6. Henry Ernest Dudeney, Amusements in Mathematics, Thomas Nelson 
and Sons, Ltd., Toronto and New York, 1917, reprinted in 1951, Problem 
147, p. 170. 

7. Howard Eves, An Introduction to the History of Mathematics, Rine- 
hart & Co., Inc., New York, 1953, p. 187, 188. 

Charles W. Trigg pointed out that the dissection is essentially that 
shown on page 25 of Sundara Row, Geometric Exercises in Paper Folding, 
Open Court, (1941). 

A Summation 

195. [March 1954] Proposed by Leo Uoser, University of Alberta. 

If [x] denotes the greatest integer not exceeding x show that: 

n 
[ l/( 2/6 - E 1/i2) ] = n 

i=1 
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Solution by Richard K. Guy, University of lfalaya, Singapore. It 
is well known that 

7T2 n 1 (x 1 

A =-- E -- = E - 
6 i=1 i 2 i=n+l 

which lies strictly between 

cndx a dx 
T" 2 and -2 n X n+l x 

since the function 1/x2 decreases steadily. Thus the sum A lies between 
1/n and l/(n +1). Therefore its reciprocal lies between n and n + 1 and 
the integral part of this is n. 

Also solved by Leon BankofJ, Los Angeles, California; L. Carlitz, 
Duke University; 41. S. Klarmkin, Polytechnic Institute of Brooklyn; W. 
4foser, University of Toronto; Dennis C. Russell, Birkbeck College, 
University of London; Chih-yi Wang, University of 4finnesota. 

Triangle Construction 

196. [March 1954] Proposed by G. W. Courter, Baton Rouge, Louisiana. 

Construct a right triangle given its hypotenuse and a point on it 
which is the corner of the inscribed square on the hypotenuse. 

Solution by C. W. Trigg, Los Angelts City College. 

Interpretation I. "A side of the square lies on the hypotenuse." 
Consider a right triangle ABC with side PQ of inscribed square PQJV4 ly- 
ing on AB, and with square ADEB external to the triangle. Clearly, C 
is the homothetic center of the two squares. The construction, given 
P on AB, is evident, namely: On AB as diameter draw a semicircle. On 
the other side of AB construct the square ADEB. Draw DP extended, meet- 
ing the semicircle at C. The required triangle is completed by drawing 
CA and CB. 

The extension is immediate to the general case: "Construct a tri- 
angle given an angle, the opposite siLde and a point on that side which 
is a corner of the side of the inscribed square lying on that side.'" 

Interpretation II. " Only a corner of the inscribed square lies on 
the hypotenuse. " Consider a right triangle ABC with an inscribed square 
of side x lying with two sides along the sides of the right angle and 
a vertex Q dividing the hypotenuse into two parts, m and n. From the 
figure, x/m = z/n and x/n y/m, so x 2 = yz = y2n2/m 2 = zz2m 2/n2. But 

y2 = m2 _ x2 = m2 y2n2/1n2, 2 4/(m2 2) 

and z2 =n2 -x2 = n2 _ z22/n2 so z0 +n 
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X A~~~ A 

-X 

Therefore, 

x2 m2n2/(m2+n2) and x inn/ m2+ n2. 

To construct the triangle, first construct semicircles on AQ and QB as 
diameters. Construct the fourth proportional (QV=x) to I m2+n2, m and 
n, as in the figure. With Q as center, and radius x, describe a circle 
cutting the semicircles in E and F, respectively. Draw AE and BF 
extended meeting in C. 

Also solved by Leon Bankofl, Los Angeles, California; Richard K. Guy, 
University of Malaya, Singapore; John Jones Jr., 4Mississippi Southern 
College; M1. A. Kirchberg, Charleston, Illinois; Sam Kravitz, East 
Cleveland, Ohio; George R. &fott, Rockville Centre, New York; T. F. 
Mu lcrone, St. Charles College, Louisiana; W. M. Sanders, vfississippi 
Southern College; Hazel Schoonmaker Wilson, Jacksonville State College, 
Alabama; and the proposer. 

A Fibonacci Expression 

197. [March 1954] Proposed by A. S. Gregory, University of Illinois. 

Let the explicit expression for the nth term of a sequence Kn be 
known. Find an explicit expression for the nth temr of a sequence {Onl 
which is defined as follows: 

On =?n-l + 6n-2 + Kn; n = 1,2,3, 

with /0 and /bl given. 

Solution by .Uurray S. Klamkin, Polytechnic Institute of Brooklyn. 
From the definition we have: 
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02 = 1 + 0 + K2 

53 ==2qk1 + qbo + K2+ K3 

q4 
= 301 + 2}0 + 2K2 + K3 + K4 

55 55q1 + 34o + 3K2 + 2K3 + K* + K5 

Let Ar denote the rth term of the Fibonacci sequence 1,1,2,3,5,8, 
Explicitly, 

A [(1 + F)rl + ( )r- 

By induction it follows that: 

?'n An~ + An 1'k0+An_1K2 + A 2K3 + + A K 

Also solved by H. W. Gould, Portsmouth, Virginia; Richard K. Guy, 
University of Malaya, Singapore; W. Moser, University of Toronto; 
George R. Mott, Rockville Centre, Few York; T. F. Mulcrone, St. Charles 
College, Louisiana; Roy F. Reeves, Columbus, Ohio; Dennis C. Russell, 
Birkbeck College, University of London; Chih-yi Wang, University of 
Mlinnesota; and the proposer. 

A Rolling Marble 

198. [March 1954] Proposed by C. W. Trigg, Los Angeles City College. 

A marble of radius r comes down an inclined track and then around a 
vertical loop of radius R. At what height h above the top of the loop 
must its center of gravity be at the start in order that it may press 
again'st the bottom of the loop with K times the force that it presses 
against the top? Consider two cases, (a) Rolling without slipping 
(negjLect frictional loss); (b) Sliding without rolling. 

Solution by A. L. Epstein, Cambridge Research Center, Boston, 
Massachusetts. Let the mass of the marble be taken as unity. 

a). At height h above the top of the loop the potential energy of 
the marble is g(2R+h). At the bottom of the loop the marble has poten- 
tial and kinetic energy of gr+v2/2+r2w 2/5. The last term represents 
the kinetic energy due to the rotation of the marble, that is O w2/2 
where the moment of inertia of the marble is 2mr2/5. But since rw2= v2, 
the energy of the marble is gr+ 7v2f10. Equating this to the original 

2 
potential energy we have v2 = (lOg/7)(2R+ h- r). The force with which 
the marble presses against the loop here is clearly the gravitational 
plus the centrifugal force or 

lOg(2R + h - r) F27R+ 10h - 17r) 
g + 

7(R- r) 
g 

7(R- r) 
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At the top of the loop the energy of the marble is g(2R- r) +7v2/1o. 
Equating this to the original potential energy gives v3 = lOg(h+r)/7 
Here the marble presses against the loop with a force of 

lOg(h + r) ' -7R+ lOh+ 17r 1 
7(R -r) g 7(R- r) ) 

As the force against the bottom of the loop is to be K times the force 
against the top we have 27R+1Oh-17r=K(-7R+1Oh+17r) whence 

R(27 - 7K)- 17r(K + 1) 
h = - 

10(K - 1) 

We note that for 0 < h < (7R-17r)/10 the force at the top of the loop 
is negative which means that the marble would not reach the top of the 
loop. 

b). In this case the original potential energy is also g(2R+ h) but 
at the bottom of the loop the total energy is gr+ v /2 since there is 
now no rotational energy. This leads to a force against the bottom of 
the loop of g[(5R+2h-3r)/(R- r)]. Likewise at the top of the loop we 
have the energy g(2R-r) +v2/2 yielding a force against the loop of 
g [(-R. +2h +3r)/(R- r)] . Putting the force against the loop's bottom 
equal to K times the force against its top we have 5R + 2h - 3r 
-KR + 2Kh + 3K(r which leads to 

R(K + 5) - 3r(K + 1) 
h= 

2(K- 1) 

Here again for 0 < h < (R- 3r)/2 the marble would not reach the top 
of the loop. 

Also solved by the proposer. 

Related Trajectories 

199. [March 19541 Proposed by P. D. 7homas, Eglin Air Force Base, Florida. 

Projectiles are fired in a vertical plane at a given initial velocity 
but varying angles of elevation 0. Of all the pairs of trajectories for 
6 and 900 -0, where 0 < 450, which give the same range Re, show that 
there is only one pair such that the point P of maximum height attained 
for 0 is the focus of the trajectory at 90- 0. Find the value of 0 for 
which this is true. (Consider trajectories in a vacuum under the in- 
fluence of gravity). 

Solution by W. 4forduchow, Polytechnic Institute of Brooklyn. By 
writing Newton's Second Law for the projectile in the form x=O, y=-g, 
integrating under the given initial 'conditions, and then eliminating 
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the time, one obtains the well-known parabolic trajectory y= (tanO)x - 

(g/2v2)(sec2O)x2, for initial speed vo at angle of elevation 0. Setting 
y= O, it is seen that R= (v2/g) sin 29. Hence, for the same vo, R900 0- 
RB. The above equation of the path can be written in the equivalent 
standard form: (x-R9R/2)2= -(2v 2/g) cos2a[y-(v2/2g) sin20], whence 
it is seen that the maximum height (attained at x -Ro/2) will be 
ya = (v2/2g) sin2 d. By substituting (90?- d) for 0 into the above 
standard form, it follows that the focus of the parabolic path for angle 
of elevation (900 - ) will be at x = R/2 y = (v2/2g) cos2 0 - 

(1/4)(2vo/g) sin2 (v /2g)(cos2 - sin2O). Hence it is required 
that (v0/2g)(cos2 0-sin2 0) = (vo/2gsinin2 0, whence 0 must have the 
(unique) value d -arc tan \IY7 > 35016 . 

Also solved by Richard K. Guy, University of Malaya, Singapore; 41. S. 
Klamkin, Polytechnic Institute of Brooklyn; Dennis C. Russell, Birk- 
beck College, University of London; S. H. Sesskin, lofstra College, 
Yew York; A. Sisk, Jaryville College; Chih-yi Wang, University of VJin- 
nesota; and the proposer. 

A Double Radical Axis 

200. [March 19541 Proposed by Leon Bankoff, Los Angeles, California. 

Chords CD and EF are perpendicular to the diameter AB of a circle. 
Show that the radical axis of the circle with center at A of radius 
AC and the circle with center at B of radius BE is a line which is equi- 
distant from CD and EF. 

I. Solution by W. U. Sanders, Mississippi Southern College. Repre- 
sent A by (-a,0), B by (a,0), CD by x= c, EF by x =e Then the repre- 
sentation of C and E will be (c,P 2-c2) and (eJ,Ya2=e2) respectively. 
The radical axis of the circles x2+ y2+ 2ax a2 + 2ac (center at A of 
radius AC) and x2 +y22ax =a2 -2ae (center at B of radius BE) is the 
line 4ax= 2ac +2ae. The absolute value of the distance from this line 
to C-is I(c- e)/21 and to E is |(e- c)/21. Hence the desired result is 
established. 

II. Solution by Richard K. Guy, University of Mfalaya, Singapore. 
Let L, M, 0, X be the mid-points of CD, EF, LV and AB respectively. 
Then the square of the tangent from 0 to A(C) is 

9A 2 - AC2 = (OL + LA) 2 - (AL 2 + L C2) 

= OL2 + 20L LA - (CX2 - L X2) 

=OL2 + 20L.*LA -CX2 + (AX -AL) 

=OL2 + LA(20L -2AX + AL) 

= OL2 - LA *BY 
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The symmetry of this expression in A, B: L, 41 shows that 0 is on 
the radical axis of the circles A(C), B(E), that is, the radical axis 
lies mid-way between CD and EF. 

Also solved by Huseyin Demir, Zonguldak, Turkey; Dennis C. Russell, 
Birkbeck College, University of London; S. H. Sesskin, HIofstraCollege, 
New York; C. W. Trigg, Los Angeles City College; Chih-yi Wang, Uni- 
versity of Minnesota, Hazel Schoonmaker Wilson, Jacksonville State 
College, Alabama; and the proposer. 

QUICKIES 

From time to time this department will publish problems which may be solved 
by laborious methods, but which with the proper insight may be disposed of with 
dispatch. Readers are urged to submit their favorite problems of this type, 
together with the elegant solution and the source, if known. 

Q 122. The products of the areas of the opposite triangles formed by 
the sides and diagonals of any quadrilateral are equal. [Submitted by 
Vladimir F. Ivanoff.] 

Q 123. If three generators of a right circular cone are 

x-1 y-2 x x-3 x-l1 y-2 z z+3 x-1 y-2 z+3 

1 2 -3' -3 3 3' 11 8 9 

show that the semi-vertical angle of the cone is coS"1F3/3. [Submitted 
by Murray S. Klamkin.i 

Q 124. A convex polygon of twelve sides inscribed in a circle has in 
some order six sides of length af and six of length 424. What is the 
radius of the circle? [Submitted by Vorman Anning.] 

Q 125. Show that 

(12+ I+ 1)(m2+m +1)(r2+r +1)(s2+ s +1)(t2+ t +1) 

lmnn rs t 

cannot be less than 729 for all values of .1, m, n, r, s and t [Submit- 
ted by Leon Bankofl.] 

Q 126. Show that 
2n r4n-f i F2n +il 
.; 2i t 4n-i - 1} 

i=O 2 2nj L2nJ{ } 

is identically zero. [Submitted by "Seriatim".] 

Q 127. Show that the volume of the solid (x+ y)2 + (y+ z)2 + (z +x)2 2 
equals 47Tr2/3. [Submitted by Mfurray S. Klamkin.] 
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ANSWERS 

*EITJit / ST Q1MTOA all snlJl *Z si loox 
jaq,o a, shmol aaalla alql3 Suippe Aq pue ',iooj alqnop e AlsnolAqo si % 

% %- Ad - Y- Z/ % 

/Iqno SuL 

-jRUIW1JOSIP Q'l Jo szlOOJ alq4 9JU 0 pUB q 'D aaM I = ,z a+ ,ICq + ,x 

olui pauwojsuevl aq up3 uo[iinba aqip 'saxe aqil Nuice oa AU LZT V 

0=- 

0t 
0j 

az 

ApIReDluapi 
aq lsnw uwns aqip ajojaall (_-uZ)f g - = (A)fl 

Wh MS UIAI 
Uz Uz 

0=1 0=t 

alqUi 'JAsamOH f Aue JoJ (i-uZ)f + = (i) g Alljauagr 9ZT V 
uz uz 

* uoEs s;adxa allp o JO lJnA urntuIuIW 

all SI ? Q3uaB *% si sjlou,j xis all jo l3PQ jo fanlIA WflUIUIW a 

'z uu4j ssal aq iouuu3 j3ojdiZ)aj sli pue laqwnu Auu jo wns a4l a3uiS 

+ + 1)(I + - + S)(I + + u)(I + + U)(I + + W)(+I + ) 

uaciciEJm aq Aeuw uoissaUdx UAPE uasz a g;ZI V 

8 = os8? (Z2 - S Z Z+ Z = Z(gV) lng *. sjunba 
rv uq1L sapTs junbhun lnq lu;a3epr lo aimd e aq g pue SV IQj t?T V 

* S 0 =s oa alqc snjL *z=, C=x uaMl4m a q 
uL3 auoo aip jo sixe aqip AaiiauwAs AU *saxe z pue ? 'x alq Aq pQ3ujdv a 

aq Aeuw Aaxll leuoSoiqllo Allena,nw a1u sjovilaua2 Gaal all aouiS ?VZI V 

*uoilisodoad 9Ifl aOuall *[Odg - -ul UTS Dd - (d% 
.[adV - us] U gd Vd5/ -dd uEs Dd * G&/, * adV uTs ad * Vd%A 4)e1 
am d lp Oul.13asjaluul speuo.Wup illim aDgV lujaqlulTppnb aip uj ZZIt V 

QUICKENING THE QUICKIES 

Q 105. [March 1954] A quicker way to do this quickie which leads to an 

immediate generalization is 

n 1 n n(n+1)(n+2) 
I r(r +1) =-N [r(r+1)(r+2)-(r-1)(r)(r+1)]= 

1 ~~~3 1 3 

generalizing we have: 
n 1n 

r(r + 1) ... (r +k -1) = I [(r)(r+l1) **(r +k) - (r -1) *e * (.r+k -1)] 
k+l 1 

n(n+1) *-(n+k) 

k +1 
[Submrittedby V. S. Klamkin] 
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CURRENT PAPERS AND BOOKS 
Edi ted by 

H. V. Craig 

This department will present comments on papers previously published in the 
MATHEMATICS MAGAZINE, lists of new books, and book reviews. 

In order that errors may be corrected, results extended, and interesting 
aspects further illuminated, comments on published papers in all departments 
are invited. 

Communications intended for this department should be sent in duplicate to 
H. V. Craig, Department of Applied Mathematics, University of Texas, Austin 
12, Texas. 

Remarks on the Integration of Products of Functions* 

Murray R. Spiegel 

FOREWARD: A formula which generalizes the method of integration by 
parts is given and various applications of it are presented. 

In a recent issue of the Mathematics Magazine [1], R. W. Hakala dem- 
onstrated a means by which functions of the form eaxf(x) for suitable 
f(x) could be integrated. The results given there are special cases of a 
formula which gteneralizes the method of integration by parts. 

We define f()() to mean the k'th derivative of f(x) with respect 
to x; f(?)(x) =f(x), and gk(x) tomean the k'th integral of g(x) (exclud- 
ing addition of arbitrary constants); g0(x)=g(x). Then we have 

(1) ffgdx fg, - f1)g2 + f(2)g3 -_.. (-l)nf(n)g 

+ (-l)n+l f(nl)gn+1dx. 

The proof of this formula follows immediately upon differentiation of 
both sides of (1) with respect to x. 

In many special cases, the process may be continued indefinitely so 
that the series 

ffgdx = fg1- f( 1)g2 + f(2)g3 _ 

(assumed meaningful) is obtained. 

*Essentially a comment on a paper by R. W. Hakala, Math. Mag., Vol. 27, 2, Nov.- 
Dec., 1953. Ed. 

115 
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Should f(x) be a polynomial, the series (2) is finite. In the special 
case where g(x) = eax and where f(x) is differentiable infinitely often, 
we have 

(3) feaxf(x)edx xe{f f( l) f(2) 
a a a2 

the case treated by Hakala. 
The formulas (1) or (2) provide methods of integration which are 

useful in that they yield results quickly and easily. However it is of 
great importance to examine the validity of (2) since the series obtained 
there may not always be meaningful. We present several illustrations of 
the use of the general formulas (1) and (2). 

Illustration I 

Obtain f s x dx, a >0, in a form suitable for computation. 
a x 

So lu t ion. 
ODsin x 

Since f - =m/2 we may write 
0 

OD sin x a) sin x a sin x 
Fa x dxzf - rdx dx 
a X Q X 0 X. 

7T a 1 X2 ' x 

2 r 3! 5! 

or a3a a5 
=-a + 3 ! 

+ *r0 
2 3. 3! 5.5! 

Although this series is convergent for all values of a it is impractical 
in cases where a is large (for example even when a?>2). In such cases 
it is of importance to see whether a more suitable representation may 
be obtained. 

Upon using formula (2) with f(x) = l/x and g(x) = sin x one obtains 
formally 

cosin X 1 2! 4! 6! C 
go ,sn, dx = cos x - -+- 5 + 0. } 
a X X X3 X x a 

1 3! 5! 7! c 
+ sin x + x 2 x4 x6 + x8 l 

a 

cos a 2! 4! 6! 
a { 2 t T4 a6 

sin a 1 3! 5! 7! 
t a a 3_ 5 a 
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It is interesting to note in this connection that 

1_2! 4! 6! 1 a2 + 4- + a6 + 

is the series obtained by taking the reciprocal of each term in the 
Maclaurin expansion for cos a while 

1 3! 5! 7!+ 
a a3 a5 a7 

is the series obtained by taking the reciprocal of each term in the 
Maclaurin expansion for sin a. If we denote these "reciprocal expan- 
sions" by (co-s a)E-1] and (sin a)[-31] respectively we have the result 

0 sin x cos a (cos a)[1] + sin a (sin a)[11 r --dx = X a a 

which is easily remembered. 
It should be pointed out that the series for (cos a)[E1] and 

(sin a)E-1] do not converge in the usual sense-they are asymptotic 
series which may be used for "large enough" values of a. For a discus- 
sion of asymptotic series [2] is recommended. 

Illustration 2 

Evaluate feax sinbx dx, a>O, b>O. 

Solution . 

If we let f(x) =sin bx, g(x) eax in (2) we obtain 

feaxsin bx dx = eaX{ sin bx _ b cos bx _ b2 sin bx + cos bx+ 
a a2 a3 a 

= eax { a sin bx - b cos bx 1 b2 b4 

eax ( a sin bx - b cos bx) b 
= 7 - 7 E ; ~~~~~a > b 

Similarly if we let f(x) = eax g(x) sin bx in (2) we have 

ax s ax - cos bx a sin bx a2 cos bx a3 sin bx 
re sin bxdx = e { b b2 b3dx e+ * 
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=eax { a sin bx - b cos bx 1 a a 
b2 ~~~b2 bO 

eax(a sin bx - b cos bx) = - - , 
~~b >a. 

Thus the same result is reached whether a> b or b> a. The derivation 
by this method fails if a=b, unless we allow the use of 

- + - + Yv=12 

which is not valid for usual convergence but is useful in the theory of 
sunmnable series. 

The remark of Hakala that a>b is a"necessary limitation" in order 
for formula 414 of [3] to hold is not correct. In a similar manner for- 
mula 415 does not require a>b. 

Illustration 3 

Evaluate fx3 sin 2xdx. 

So lution. 
By letting f(x) = x3, g(x) = sin 2x in (2) we obtain 

fx3 sin 2x dx 

3(x5)cos 2x - (3x2) sin 2x ) + (6x) ( cos 2x ) - (6) (sin ) 

2 4 8 16 

= (si 2x)3x2 3 (3x ) ~ (sin 2x)( ) + (cos 2x) ( - - 2) 4 8 4 2 

Illustration 4 

Evaluate x2 +3x +2 dx 

Solution. 

Write the integral as 

J ] x + 1 x+ 2 dx 

By letting f(x) = x +2, g(x) = f in (2) we obtain after some sim- 
plification 
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Ix + 1 +2 dx = (x + 2)1/2(X +1)3/2x 

r 2 2 [x+1] 2 (X+l{2 2 x+1 
3 1 x3x5 x2J 3 xS x7 lx+2J s x7 x9 +J { ~x x x x+2,1 

Hence 

f I x2+3x+2 dx 
0 

=f 2_2 2 _ 2 [2)2 2 (23 . 
l {3Y iI3 II 3xSx7 I3 t339 t3 } 

2 r2 2 [1 2 01 2 2 013 l 2{3 1x3x5 3xSIx7 2 5 x7 x9 2 

involving series which converge rapidly. 

In conclusion it may be said that many other applications of the 
general formula (2) are available and will be left to the imagination 
of the reader. 

References 

1. R. W. Hakala, "On Integration of Functions of the Form eaxf(x)", Mathematicg 
Magazine, Vol. 27, No. 2, Nov.-Dec., 1953. 
2. E. T. Whittaker and G. N. Watson, "Modern Analysis"' American Edition (1943), 
Cambridge University Press, Pages 150-159. 
3. B. 0. Peirce, "A Short Table of Integrals' Third Revised Edition, Ginn and 
Company. 

Rensselaer Polytechnic Institute 

An introduction to Plane Projective Geometry. By E. J. Hopkins and 
J. S. Hails, Oxford University Press, London, pp. 6-276. $5.50. 

This elementary text in plane projective geometry has been written 
for the benefit of the advanced high school senior or college freshman 
.who desires to amplify his knowledge of mathematics. As stated by the 
authors in the preface, only a rudimentary knowledge of elementary ana- 
lytic geometry exclusive of the theory of conic sections, is presupposed. 
A logical development of the subject matter is not given, as it was felt 
by the authors that the emphasis of mathematical ideas and concepts 
would be more beneficial for such a-student. The book is.a mixture of 
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 synthetic and analytic plane projective geometry. In the development of
 the subject matter, very little use is made of metric concepts. To give
 the student a feeling for the subject, various projective configurations
 are intuitively introduced by means of Euclidean geometry. Thereafter
 these ideas are rig,orously defined by means of projective coordinates.
 The authors have selected for problems various examination questions
 given in tests by some of the leading colleges and universities in Great
 Britain. On page 273, is a list of answers to some of the problems in
 the text, and there is a short index to the subject matter of the book
 on pages 274-6.

 The text consists of sixteen chapters. In the first two chapters are
 discussed the fundamental elements of projective geometry together with
 some of the axioms of incidence, and then orthogonal projection is stud-
 ied for the purpose of preparing the student for the definition of gener-
 al projection. In Chapter III, perspectivities and general projections
 together with some of their properties are considered. Chapter IV con-
 tains the definition of projective coordinates and the analytic proof of
 Desargues' Iheorem and its converse. The next two chapters are concerned
 with the study of projectivities in one and two dimensions. The Funda-
 mental Theorem of Projective Geometry and its consequences are proved
 by means of the properties of real numbers. The analytic development of
 cross ratio is given in Chapter VII. In Chapters VIII, IX, X, XII, XIII,
 the projective theory of conic sectjons is developed including the clas-
 sical theorems of Steiner, Pascal, Brianchon, and Pappus. In Chapter XI,
 complete quadrangles and quadrilaterals are studied including the theory
 of harmonic ranges and Desargues' Theorem for conic sections. Chapters
 XIV and XV are concerned with the development of Euclidean geometry both
 in the real and complex domains. Topics include the circular points at
 infinity, isotropic lines, Laguerre's definition of angle, and the funda-
 mental metric properties of conic sections. The book closes with Chapter
 XVI in which is developed the theory of polar reciprocation and its
 applications to the inversive geometry of Moebius.

 On the whole, the book is well written and the material is carefully
 presented. In the opinion of the reviewer, the authors have fulfilled
 their aims. 'This is a nice elementary introduction to the subject of
 synthetic and analytic projective geometry. Possibly a student could use
 such a book as a preview to such classics on the subject as Projective
 Geometry by Veblen and Young, and Principles of Geometry by H. F. Baker.
 However in the final analysis, the reviewer feels that the student who
 desires to master any particular field of mathematics, should endeavor
 to study the real classics in that particular field.

 John De Cicco
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Mathematics in Western Culture. By Morris Kline, Oxford University 
Press, 1953, 472 pp., $7.50. 

The object of this book is to support the thesis that mathematics 
has been a major cultural force in Western civilization. Accordingly 
the book shows how various developments in mathematics proper in turn 
influenced developments in logic, astronomy, philosophy, painting, music, 
religious thought, literature, and the social sciences. The conversion 
of mathematics by Greek philosophers into an abstract, deductive system 
of thought, the Greek and modern doctrine that nature is mathematically 
designed, the use of mathematics by Hipparchus and Ptolemy and later by 
Copernicus and Kepler to erect the most impressive astronomical 
theories, the development of a mathematical system of perspective by 
Renaissance painters who sought to achieve realism, the deduction by 
Galileo, Newton, and others of universal scientific laws which "united 
heaven and Earth", the reorganization of philosophy, religion, litera- 
ture, and the social sciences in the Age of Reason, the rise of a sta- 
tistical view of natural laws consequent upon the success of statistical 
procedures in the physical and social sciences, the effect of the crea- 
tion of non-Euclidean geometry upon the belief in truth and on the com- 
mon understanding of the nature of mathematics, and mathematics as an 
art are some of the illustrations of the cultural influences of mathe- 
matics. 

These topics are discussed in connection with one or another of the 
major mathematical creations which have been introduced since ancient 
times and hence accompany some presentation of the concepts of Euclidean 
geometry, trigonometry, projective geometry, coordinate geometry, sta- 
tistics, the theory of probability, transfinite numbers, non-Euclidean 
geometry, and other mathematical subjects. 'The treatment of the mathe- 
matics proper emphasizes the ideas themselves. Very little attention 
is given to the techniques, which are of value only to those who intend 
to.use mathematics in later life. 

Though the book is by no means a history of mathematics, the sequence 
of topics is the historical one. This order happens to be the most con- 
venient for the logical presentation of the subject and is the natural 
way of examining how the mathematical ideas arose, what the motivations 
were for investigating these ideas, and how the mathematical creations 
in turn altered the course of other branches of our culture. An important 
by-product is that the reader may get some indication of how mathematics 
has developed, how its periods of activity and quiescence have been 
related to the history of Western civilization, and how mathematics has 
been shaped by the civilizations which preceded the modern Western 
pe.riod. 

An attempt has been made to make the presentation lively and read- 
able and thereby attract students and laymen to mathematics. 
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On the whole the book tries to answer the question: What contribu- 
tions has mathematics made to Western life and thought aside from the 
techniques which serve the engineer? The author believes that the 
answer given to this question should constitute the course in mathe- 
matics for liberal arts students who do not intend to use techniques in 
professional work. The book might serve as the basis for such a course. 

Morris Kline 

Theory of Functions of a Complex Variable, Vol. I. By Constantin 
Caratheodory, New York, Chelsea Publishing Company, 1954, 314 pp. $4.95. 

The book begins with a treatment of Inversion Geometry (geometry of 
circles). This subject, of such great importance for Function Theory, is 
taught in great deatil in France, whereas in German-language and English- 
language universities it is usually dealt with in much too cursory a 
fashion. It seems to me, however, that this branch of geometry forms the 
best avenue of approach to the Theory of Functions; it was, after all, 
his knowledge of Inversion Geometry that enabled H. A. Schwarz to 
achieve all of his celebrated successes. 

Lindeloef' s Principle, normal families, Qstrowski' s idea of using 
spherical distance- I have not hesitated to exploit systematically all 
of the advantages these various methods have to offer. 

C. Caratheodory 

(Note: Inasmuch as Professor Caratheodory died before his book ap- 
peared, the above review, offered for publication in the MATHEMATICS 
MAGAZINE, is taken from Caratheodory's own preface to his book.) 

Chelsea Publishing Company 

Theory of Games and Statistical Decisions. By David Blackwell and 
.M. A. Girshick, John Wiley & Sons, New York, 355 pp., $7.50. 

By restricting their subject matter to discrete probability distri- 
bution, the authors have avoided measure-theoretic difficulties without 
sacrificing any of the basic ideas that underlie the modern theory of 
statistical decisions. A great deal of new material is included which 
they found necessary to develop in order to present a unified treatment 
of the field. 

In offering new techniques in statistical analysis, and providing a 
fresh approach to the problems of design and analysis of experiments, 
Blackwell and Girshick deal with such topics as games in normal form, 
values and optimum strategies in games, general structure of statistical 
games, utility and principles of choice, classes of optimal strategies, 
and fixed sample size games with finite Omega and A. Other chapter head- 
ings cover the invariance principle in statistical games, sequential 
games, Bayes and minimax sequential procedures when both Omega and A are 
finite, estimation, and comparison of experiments. Bichard Cook 
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Psychology of Invention in the Mathematical Fie Id. By Jacques 
Hadamard, Dover Publications, 920 Broadway, New York 10, N.Y.,$1.25. 

Most of the great scientific innovators- men like Einstein, Galton, 
Euler, Descartes, and Hilbert, for example-have first "seen" their ideas 
as images, rather than as words or mathematical symbols, according to 
a survey conducted by the noted mathematician, Jacques Hadamard in his 
book. 

The 158-page book investigates the role of the unconscious, the 
relation between intuition and logic, and other aspects of scientific 
invention, and quotes extensively from the letters and writings of more 
than 40 outstanding men in all fields. A few samples: 

Einstein: "The psychical entities which seem to serve as elements 
in (my) thought are certain signs and more or less clear images which 
can be 'voluntarily' reproduced and combined. The above mentionedele- 
ments are, in my case, of visual and some of muscular type." 

Galton, the English geneticist: "I do not so easily think in words 
as otherwise. It often happens that after being hard at work, and having 
arrived at results that are perfectly clear and satisfactory to my- 
self, when I try to express them in language I feel that I must begin 
by putting myself on quite another intellectual plane. That is one of 
the small annoyances of my life." 

Titchener, the English psychologist: "Reading any work, I arrange 
the facts or arguments in some visual pattern, fearing that, as one 
gets older, one tends also to become more and more verbal in type." 

On the other hand, G. Polya, the distinguished mathematician and 
teacher, writes: "I believe that the decisive idea which brings the 
solution of a problem is rather often connected with a well-turned word 
or sentence. The right word, the subtly appropriate word, helps us to 
recall the mathematical idea (and) gives things a physiognomy." 

"The Psychology of Invention in the Mathematical Field" has been 
republished as an aid to scientists, mathematicians, and engineers 
engaged in creative research. 

Dover Publications 

The Foundations of Statistics. By Leonard J. Savage, John Wiley 
& Sons, Inc., 440 Fourth Avenue, New York 16, New York, 1954, 294 pp. 
$6.00. 

Concentrating on the human aspects of probability as it reflects it- 
self in economic behavior, Dr. Savage reopens the question of the 
personalistic view and clarifies the pros and cons surrounding it. His 
early chapters are concerned with the foundations at a relatively deep 
level. In these, the author develops, explains, and defends an abstract 
theory of the behavior of a highly idealized person faced with un- 
certainty. This theory is shown to have as its implications a theory 
of personal probability, corresponding to the personalistic view of 
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probability basic to the book, as well as a theory of utility. 
In the second part of the book, Dr. Savage moves to a shallower level 

of the foundations of statistics in what he calls a transition from 
"pre-statistics to statistics proper." He recognizes that the theory 
previously developed is too highly idealized for immediate application. 
Appropriate compromises are therefore explored through an analysis of 
the inventions and ideas of the British-American school. By this means, 
the author hopes to show that mutual support and clarification exist 
between seemingly incompatible systems. 

Dr. Savage, assistant professor of statistics at the University of 
Chicago, is also a consultant for researchers in a variety of fields. 
His work is already known to those working in statistics, economics, 
psychology, philosophy, and mathematics. 

Richard Cook 

Analytic Geometry, second edition. By Edward S. Smith, Meyer 
Salkover, and Howard K. Justice, March 1953, John Wiley & Sons, N. Y., 
306 pp., $4.00. 

Containing the material covered in a standard but comprehensive 
course in plane and solid analytic geometry, the book provides a solid 
background for further study in applied and theoretical mathematics. 
The authors have improved the treatment of the angle between two lines, 
excluded values, asymptotes, bisector of an angle, tangent to a circle, 
radical axes, and parametric form of the equations of a line. Other 
changes include: revised problems, new articles on analytical proofs 
of geometrical theorems and on cylindrical and spherical coordinates, 
and a four-place table of trigonometric functions, with angles in 
radians and degrees. 

Richard Cook 
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OUR CONTRIBUTORS 

(Continued from back of contents.) graduate of the University of Chicago 
(A.B. '29; M.S. '31), he remained there until 1933 as a special assist- 
ant to the late Professor Herbert E. Slaught. His main intetests are 
Number Theory and the improvement of teaching of Mathematics in the 
secondary schools and colleges. 

Sister Clotilda Spezia is a high school teacher of mathematics at 
St. Teresa Academy, East St. Louis, Illinois, where she has been 
teaching since 1934. She received her college education at St. Louis 
University and later did her graduate work in mathematics at the same 
University (M.A. '51). Besides the teaching of mathematics, Sister 
Clotilda is interested especially in algebraic theory. Her article on 
geometry appeared in the last issue. 

L. M. Weiner, Instructor in the Department of Mathematics, DePaul 
University, Chicago, was born in Chicago, Illinois in 1926. He studied 
at the University of Chicago (B.S. '47; M.S. '48; Ph.D. '51) where he 
was an AEC Predoctoral Fellow. Before joining the faculty of DePaul 
University in 1952, Dr. Weiner served as a Personnel Examiner with the 
Civil Service Commission of Chicago. His principal interests lie in 
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